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This dissertation is mainly on the theoretical analysis of vibrating crystal plates for
acoustic wave resonator and sensor applications. The frequency and mode effects of
different surface structures on either or both sides of the crystal plates are the main
concerns in this dissertation. These effects are fundamental to the improvement of
existing acoustic wave devices, or to the design of new acoustic wave devices, especially
new sensors based on these effects.
At first, two-dimensional equations of motion for an anisotropic crystal plate with
two thin films on its surfaces are derived by reduction from the three-dimensional
equations of anisotropic elasticity and joining separate equations for the crystal plate and
the thin films through interface continuity conditions. The thin films possess
multiphysical effects, including inertia, stiffness, intrinsic stress, electric and magnetic
couplings. The equations derived are used to analyze the perturbation of the resonant
frequencies of the crystal plate under the influence of the surface films.
After that, two relatively more complicated but really existing problems in
acoustic wave devices are analyzed. One is the effects of a surface film with nonuniform
thickness, either stepped or gradually varying. The other is a crystal plate carrying an
array of thin films which may be periodic or nonperiodic. In addition to the effects of
surface films, vibrations of crystal plates with arrays of surface attached fibers in

extensional or flexural motions and surface attached particles are investigated to explore
the possibility of using crystal resonators for fiber and particle characterizations.
Finally, the effects of material property variation of thin film piezoelectric
actuators are also studied.
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Chapter 1

Introduction

1.1 Quartz Crystal Resonator and its Sensor
Applications
1.1.1 Quartz Crystal Resonators
A piece of crystal, like every other elastic body, has a series of resonant frequencies.
However, due to its unique material properties, the vibrating crystal is extensively used in
electronic devices as a reliable frequency provider. The most familiar example may be
the quartz crystal watches or clocks for time keeping, in which the elapse of time is
measured by counting crystal vibration cycles. Vibrating crystals also provide frequency
standards for telecommunication devices in which frequency selections and operations
are needed. The crystals for these applications are called resonators. In addition to
resonant frequencies, the speed of a propagating wave in a crystal can also be used as a
reference. In fact, resonant frequencies and wave speeds are basic properties of an elastic

2

body. Figure 1.1 shows a crystal resonator in a circuit which is used to provide a stable
frequency. This circuit is known as an oscillator [1].
Tuning Voltage

Crystal
Resonator
Output
Frequency
Amplifier

Figure 1.1: Crystal oscillator.
Most crystals are strongly anisotropic and as a consequence often possess
piezoelectric effect. For a piezoelectric resonator, the operating mode or wave can be
directly excited electrically, which means that the resonator can be easily integrated into a
circuit just as shown in Figure 1.1.
The acoustic wave device often employs a crystal to provide or work with
frequencies in the range about 106~109 Hz. A crystal resonator is a typical acoustic wave
device. In fact, vibration modes or waves in a crystal can be classified into two types. The
first type is bulk acoustic waves (BAW), which are all over the crystal. The second type
is surface acoustic waves (SAW), which can only propagate near the crystal boundary
because the particle displacements dissipate quickly inside the crystal. Both bulk and
surface waves have been used for acoustic wave devices. This dissertation is only
concerned with the bulk acoustic wave devices. Quartz is the most common material for
BAW devices. Resonators made of quartz are called quartz crystal resonators (QCRs).
Figure 1.2 shows the structure of a typical quartz crystal resonator, which consists of a
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circular quartz plate and two metallic electrodes (usually made of gold) deposited on the
top and bottom surfaces [1]. Driving voltage is applied on the electrodes in order to excite
the designed thickness vibration of the quartz plate. Besides quartz, crystals of the
langasite family are researched for a possible replacement of quartz in the future.
TOP VIEW

SIDE VIEW
Quartz Plate

Metallic Electrodes

Figure 1.2: Quartz crystal resonator.
Bulk acoustic waves in a crystal can be classified as high- and low-frequency
modes. Take a crystal plate as an example. The extension and flexure modes of the plate
belong to the low-frequency modes. The modes are often seen in traditional structural
engineering, whose frequencies depend strongly on the length, width, and thickness of
the plate. The typical frequency is often less than 1 MHz.
On the contrary, the high-frequency modes, e.g., thickness-shear and thicknessstretch, are modes whose frequencies are solely determined by the plate thickness (the
smallest dimension). In fact, the shape of quartz crystal resonators is often a thin plate.
Quartz crystal resonators work in high frequency modes and provide frequencies in the
range from tens to hundreds of mega hertz. Figure 1.3 shows the fundamental thicknessshear mode of a quartz plate. The arrows show the direction of particle displacement. The
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fundamental mode only has one node along the thickness and is antisymmetric about x1.
The second thickness-shear mode has two nodes and is symmetric about x1, and so on.
x2

x1

Figure 1.3: Thickness-shear mode of a quartz plate.
When a crystal plate is in pure thickness-shear vibration, motions of material
particles are parallel to the surfaces of the plate. Particle velocities vary along the plate
thickness direction only and do not have in-plane variations (see Figure 1.3). A typical
quartz plate for resonator applications has a thickness of a few tenths of a millimeter, a
diameter of a few millimeters, and a fundamental thickness-shear frequency of the order
of a few to tens of MHz. Except for one case in Chapter 6, crystal resonators analyzed in
this dissertation operate with thickness-shear modes.

1.1.2 Quartz Crystal Resonator Based Sensors
The resonant frequencies of quartz crystal resonators can be affected by many
environmental effects such as temperature change, biasing fields. The quartz crystal
resonators are also sensitive to mechanical effects, such as pressure and accelerations, etc.
People always want to make a resonator which is immune to all the outside influences.
But on the contrary, for sensor applications, these effects can be used to make various
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acoustic wave sensors including thermometers, electric or magnetic field sensors, force
and pressure sensors, accelerometers and gyroscopes [2-6].
If a thin film is deposited on the upper surface of a quartz plate, the resonant
frequencies of the quartz plate become lower than that of the same quartz plate without
the film. Sauerbrey [7] showed that this frequency shift is proportional to the mass of the
film deposited on its surface. Based on this discovery, quartz crystal resonators have been
widely used for monitoring thin-film deposition and mass sensing [8-15]. This kind of
device is called a quartz crystal microbalance (QCM).
The mass sensitivity of QCM is due to the inertial effect of the thin films or mass
layers on the plate surfaces, which tends to lower the resonant frequencies. If QCM is put
in liquid, interaction between fluid and the plate surface also results in lowered resonant
frequencies, thus QCM can be used to detect the fluid viscosity and density [16-20].
If the film is made of special material which adsorbs certain gas molecules or
particles in the air, it is possible to use QCM to measure the density of certain molecules
or particles in the air when the accumulation of these molecules or particles on the film is
enough to produce additional inertial effect on the frequency of the resonator [21,22].
The schematic drawing of a gas sensor is shown in Figure 1.4. Based on the same idea,
QCM is widely used as chemical and biochemical sensors [23-30].
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Chemically Selective Film

Crystal Resonator

Figure 1.4: Gas sensor based on QCM.
The gas and biochemical sensors introduced above are already commercially
available. People are also motivated to build a gas or chemical/biochemical sensor, which
is able to detect different target items at the same time by mounting multiple functional
films on a single crystal plate to form a QCM array [31-35]. In fact, Chapter 5 in this
dissertation is devoted to this topic.
It is inevitable that intrinsic stress is introduced in the thin film during the
deposition process. This intrinsic film stress exerts shear force on the quartz plate surface
and thus causes a frequency shift of the QCM. By detecting the frequency shift, the QCM
can be used to measure the intrinsic stress in the thin film [36-38]. Besides, QCM is also
reported being used to study the tribology in thin films [39,40].

1.2 Current State of Knowledge
Due to the anisotropy of crystals, the three-dimensional theory of anisotropic elasticity or
piezoelectricity, which is used to analyze acoustic wave devices, usually presents
considerable mathematical challenges. Exact solutions can be found in rare situations
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only. In most cases, to obtain results useful for device applications, two approaches are
effective. One is to develop approximate, low-dimensional structural theories to simplify
the problems so that theoretical analyses are possible. This includes two-dimensional
theories of plates and shells, one-dimensional theories of beams and curved bars, and
zero-dimensional theories of parallelepipeds. Another approach is to use numerical
methods, such as the finite element method.
The approximate two-dimensional theory for plates was first introduced by
Mindlin [41-49]. The thickness-shear vibration of a crystal plate, which is the working
mode for quartz crystal resonators, is well described by the two-dimensional equations. In
[44,46,47] the effects of surface films, like fully or partially covered electrodes, are also
studied. A systematic derivation of the two-dimensional equations for piezoelectric plates
can be found in [50]. In fact, Readers may find that Mindlin’s work laid the theoretic
foundation of this dissertation. The two-dimensional equations for the crystal plates are
presented in detail in the following chapter.
More sophisticated models, considering both the inertial and stiffness effects of
the mass layer, were developed in [51,52], but these one-dimensional models only
depend on the plate thickness coordinate. There have been a few attempts considering the
in-plane coordinates dependence of the thickness-shear modes [11,14,53], but these
results are not systematic and also theoretically rough. In fact, the inclusion of in-plane
dependence of the thickness-shear modes not only causes energy-trapping phenomena,
but also proves the limitation of the Sauerbrey equation.
The in-plane dependence is expected to be well treated by the Mindlin’s twodimensional plate equations. There have been a series of papers about nonuniform mass
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layers or nonuniform electrodes on quartz crystal resonators [54-59], however, besides
the thickness coordinate, these analyses are depending on only one in-plane coordinate.
Therefore, as an important part of this dissertation, we expand the in-plane dependence
from one coordinate to two.
In addition to stiffness and inertia, the crystal resonator is also affected by many
other influences due to the sensitivities of surface films. The effect of intrinsic stresses in
surface films was studied in [60]. The thermal effect was discussed in [61,62] for
resonator applications. If the films are made of materials that are sensitive to electric or
magnetic fields, their influence on the crystal resonator was studied in [63-65]. It is also
possible to use surface piezoelectric films to manipulate frequency shifts in a crystal plate
if the device is in accelerating motion [66]. In fact, either electric/magnetic field,
temperature, or acceleration produces extra stresses and strains in the resonator, also
known as biasing fields. The theory for small fields superposed on a bias [67] and
nonlinear piezoelectric theory [68] are needed to study the effects of biasing fields.
Recall the QCM array introduced earlier in this chapter, if there is a matrix of
small functional films deposited on a single crystal resonator, these films can be treated
as film array. One-dimensional arrays of resonators [69], QCMs [33-35] and transducers
[70] were studied. It is worth pointing out that in [33-35,69,70], the electrodes or mass
layers on the quartz crystal resonators are all assumed uniform. Therefore, as another
important part of this dissertation, the film arrays are expanded to two-dimensions and
the variation of film thickness is also included. In addition to periodic arrays, the
vibration behavior of nonperiodic arrays of QCMs is also studied.
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1.3 Objectives of this Dissertation
Quartz crystal resonators and sensors usually have certain surface structures which in
many cases are surface attached thin films. These thin films may be metal electrodes for
driving the resonators electrically. They also may be mass layers deposited on the surface
for mass sensing. If the surface films are made of chemically or biologically selective
materials, they can be used to attract and detect certain molecules.
This dissertation is devoted to the theoretical analysis of different effects
produced by surface films and other surface structures on the crystal resonator. There are
six objectives in this dissertation.

1.3.1 Crystal Plates with Multiphysical Films
For the sake of sensor applications based on quartz crystal resonators, our first objective
is set on the analysis of surface films which possess multiple physical properties, like
piezoelectricity, piezomagnetism, and residual stress. These multiphysical films may be
used for electric or magnetic field sensors.
First of all, we need to expand the existing two-dimensional equations for crystal
plates with surface films. This is done by first deriving two-dimensional equations for the
crystal plate and the surface films separately, and then joining them using the interface
continuity conditions between the crystal plate and the surface films to obtain equations
for the entire structure. The final equations are more general than existing equations in
the literature. In addition to the film inertia and stiffness, we also include the electric and

10

magnetic couplings as well as intrinsic stress in the film. The obtained equations lay the
theoretical foundation for analyses in the rest of the dissertation.
The current equations are used to study frequency shifts of thickness-shear modes
in crystal plates caused by various environmental effects. When an effect is acting alone,
its frequency effect is studied for sensor applications.

1.3.2 Effects of Nonuniform Films
Exact thickness-shear modes can only exist in unbounded crystal plates without edge
effects, and the films on the crystal plates have to be uniform. In real devices, however,
due to the finite size of the device, pure thickness-shear modes cannot exist because of
edge effects. In addition, in most cases the films on the crystal plates only cover the plate
surfaces partially and sometimes the films have nonuniform thickness. Therefore, in real
devices, the operating modes in the crystal plates have slow, in-plane variations. These
modes have been referred to as essentially thickness-shear modes or transversely varying
thickness modes. When the films have nonuniform thickness, the differential equations
governing the thickness-shear vibration of the crystal plates carrying the films have
spatially varying coefficients. In this case theoretical analysis faces difficult mathematical
obstacles and known results are few and scattered.
As an important objective of this dissertation, we use the two-dimensional plate
equations to study the in-plane mode variations of crystal plate with nonuniform films.
The gradually varying thickness of the film is described by stacking mass layers with
piecewise stepped thicknesses. This method allows us to obtain analytical results showing
the basic effects of nonuniform films. The accuracy of this approach can be improved by

11

increasing the number of piecewise layers. For the special and useful case of films with a
quadratic thickness variation, we present a solution taking the gradually varying thickness
into consideration directly without approximating it by a stepped thickness variation.

1.3.3 Effects of Film Arrays
The multifunctional QCM mentioned previously can be considered as monolithic arrays
of mechanically interacting vibration elements in thickness-shear modes that vary from
one element to another. The arrays may be periodic or nonperiodic. These complicated
structures present difficult mathematical problems whose solutions have rarely been
obtained.
As one objective of this dissertation, we study the behavior of the twodimensional periodic array of quartz crystal microbalances using the two-dimensional
plate equations. We also analyze the one-dimensional nonperiodic array using the threedimensional equations of anisotropic elasticity. With some common approximations we
are able to obtain revealing solutions showing the basic behaviors of resonator or sensor
arrays.

1.3.4 Effects of Fiber Arrays
We also study the effects of fiber arrays on the resonant frequencies of crystal plate
resonators. To the best of our knowledge, these effects have never been studied
experimentally or theoretically.
When the crystal plates are in thickness-stretch or thickness-shear vibrations, the
fibers standing on the crystal surfaces undergo extensional or flexural vibrations,
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respectively. Their effects on the plate resonant frequencies depend on the geometric and
physical parameters of the fiber arrays in a relatively complicated manner, which may be
explored for fiber characterization. Fiber arrays in flexural motions following the crystal
plate surfaces may be considered for use as ultrasonic brushes.

1.3.5 Effects of Particles
The next objective is to study the frequency effects of discrete particles on a crystal plate.
Like surface films, particles also cause frequency shift of the crystal plate, however the
mechanics behind it are far more complicated than films. If the particles are dense, they
may be approximately considered as a mass layer on the crystal plate and their frequency
effect can be well predicted by the Sauerbrey equation. However, if the particles are
sparse, the effect of each individual particle has to be considered. Based on different
applications, the individual particle is also modeled differently. In some cases, the
particle may be simply put as a point mass fixed on the plate; in other cases, the rotating
and sliding motion of the particle needs to be included; moreover, sometimes even the
elastic deformation of the particle cannot be ignored. In biochemical sensing, the particles
are immersed in fluids, which makes the problem far more complicated.
The theoretical analyses of the effects of particles on QCM are scarcely reported.
In this dissertation, we only consider the case in which the particles are elastically
attached to the quartz crystal resonator and are allowed to roll without sliding on its
surface. As a preliminary study, only the most basic effects and behaviors of dilute
particles are investigated.
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1.3.6 Thin Film Piezoelectric Actuators
The last objective is about the effects of nonhomogeneous piezoelectric films on an
elastic plate. The result is useful for piezoelectric actuator design. Other than a vibration
problem, we study the static problem of surface actuators on an elastic plate. The
actuators are actually thin piezoelectric films. Therefore the actuator is also a kind of
surface structure. We want to study the effects of the material property variation of thin
film piezoelectric actuators on the distribution of the actuation shear stress. The actuation
shear stress is often concentrated at the edges of the actuator. This concentration is
unwanted.
A system of two-dimensional equations for the flexure and shear of an elastic
plate with symmetric piezoelectric actuators on the plate surfaces is derived. The effects
of material property variation on the actuation stress are examined through an example.

1.4 Outline of this Dissertation
The theories and equations used in this dissertation are presented in Chapter 2. The
following six chapters are the main body of this dissertation, each chapter covers one of
the six objectives of this dissertation. Finally, in Chapter 9, the overall conclusions are
drawn and possible future work followed by this dissertation is suggested.
The six main chapters share a common article structure. At the beginning of each
chapter, a more detailed background introduction is presented, which is followed by the
derivation of the governing equations, after that the theoretical solution to the governing
equations is elaborated. In the end, numerical examples are included to support the
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theoretical work and also illustrate important graphic results which are difficult or
impossible to be obtained from mathematic expressions only.
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Chapter 2

Mechanics of Piezoelectric Plates

At beginning of this chapter, the general three-dimensional theory of piezoelectricity is
introduced. Since crystal resonators are designed to work within the linear range of
deformation, only the linearized equations of piezoelectricity are presented in this
chapter. However, those linearized partial differential equations are still very difficult to
be solved analytically except for several cases with certain simplifications, some of
which will be discussed in this dissertation. For device design purpose, people turn to the
finite element method to solve the equations numerically and obtain a good approximate
solution. In fact, finite element method has become a powerful tool along with the
development of computer technology, but it still has its disadvantages, firstly it is
difficult to capture the useful working modes of the resonator among a large amount of
numerical results; secondly, it is also difficult to analyze the role each parameter of
resonator plays if finite element method is used.
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In order to deal with the deficiencies of the finite element method, we turn to the
low-dimensional theories to describe structures like beams, plates and shells. In fact,
Mindlin and his students established a hierarchy of low-dimensional theories for the
vibrations of piezoelectric structures. For example, the order of the three-dimensional
equations can be lowered to one-dimensional equations to describe beams, and lowered
to two-dimensional equations for plates and shells. Although the low-dimensional
approach is still an approximate method, it gives very accurate solutions for the
piezoelectric structures considered in this dissertation. The zero-order and first-order twodimensional equations for piezoelectric plates are presented in Section 2.2.
At the end of this chapter, in Section 2.3, a brief introduction is given about the
quartz and some other piezoelectric materials used in this dissertation.

2.1 Three-Dimensional Equations of
Piezoelectricity
In this section, we summarize the three-dimensional equations in linearized theory of
piezoelectricity [50,71]. Consider a piezoelectric body in a three-dimensional domain.
Equation (2.1) is the equation of motion of the body in index form, where a comma
followed by an index denotes a partial derivative with respect to the coordinate associated
with the index and a superposed dot means time derivative. Index i, j, k range over 1, 2
and 3. The summation convention for repeated indices is employed. Tij denotes stress
tensor, ρ denotes mass density, fj is component of body force vector and uj is component
of displacement.
Tij ,i  f j  u j .

(2.1)
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The quasi-static Maxwell’s equation for the electric field inside the body is shown in
(2.2) where Di is the component of electric displacement. This equation is also referred to
as equation of charge,
Di ,i  0 .

(2.2)

Equations (2.3)-(2.4) are the constitutive equations for piezoelectric materials. The
material constants include elastic constants cijkl, piezoelectric constants ekij, electric
permittivity constants εik . Besides, Sij is strain tensor and Ei is electric field intensity.
Tij  cijkl S kl  ekij Ek ,

(2.3)

Di  eijk S jk   ik Ek .

(2.4)

Equation (2.5) shows the linearized strain-displacement relation, and (2.6) is equation of
electric filed potential ϕ ,
Sij  (ui , j  u j ,i ) 2 .

Ei  ,i .

(2.5)
(2.6)

In summary, (2.1)-(2.6) are the three-dimensional equations of linear piezoelectricity.
Substitution of (2.5)-(2.6) into (2.3)-(2.4) and then (2.3)-(2.4) into (2.1)-(2.2) yields the
general governing equations for ui and ϕ,
cijkl u k .li  ekij,ki  f j  u j ,

(2.7)

ekij ui , jk   ij,ij  0 .

(2.8)

The constitutive equations (2.3)-(2.4) are often written in compact matrix notation
as,
T p  c pq S q  ekp Ek ,

(2.9)

Di  eiq S q   ik Ek .

(2.10)
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This is done by replacing the double indices ij, kl in (2.3) and (2.4) with single indices p
and q which range from 1 to 6 according to the Table 2.1 below.
Table 2.1: Compact matrix notation
ij or kl

11

22

33

23

13

12

p or q

1

2

3

4

5

6

The strain tensor in compact matrix notation are defined as
S1  S11, S 2  S 22 , S 3  S 33
S 4  2S 23 , S 5  2S13 , S 6  2S12 .

(2.11)

Besides the governing equations listed in (2.1)-(2.6), the piezoelectric body is also
subjected to boundary conditions, which can be further classified into two types, i.e.
mechanical and electrical boundary conditions. Let us discuss the mechanical boundary
conditions first. For a traction-free surface of the body, the boundary condition is
ni Tij  0 ,

(2.12)

where ni denotes the components of the unit normal to the surface. For a displacementfree surface, the boundary condition becomes,
uj  0.

(2.13)

As for the electrical boundary conditions, if the surface is electroded, the electric
potential should be specified
  .

(2.14)

For the rest of the surface without electrode,
ni Di  0 .

(2.15)

If composite materials are considered, the continuity conditions across the interface
between two different materials should be written as
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ni Tij  ni Tij ,

ui  ui , ni Di  ni Di ,      .

(2.16)

2.2 Two-Dimensional Equations for Piezoelectric
Plates
It is very difficult to solve the general three-dimensional equations (2.1)-(2.6) directly,
but these equations can be lowered to two-dimensional equations by using a power series
expansion approach. In this way, the three-dimensional equations are reduced to twodimensional plate equations formed by power series of functions with two in-plane
coordinates of the plate. Consider a piezoelectric plate (see Figure 2.1) with x1 and x3
axes in the mid-plane of the plate and x2 along the thickness direction. The thickness of
the plate is 2h.
x2

Piezoelectric plate

h

x3

h

x1

Figure 2.1: A piezoelectric plate.
At beginning, the displacement and electric potentials can be written in power series
forms by (2.17) and (2.18).




x2n ui( n) ( x1 , x3 , t ) ,

(2.17)

 ( x1 , x2 , x3 , t )   x2n（n) ( x1 , x3 , t ) .

(2.18)

ui ( x1 , x2 , x3 , t ) 

n 0


n 0
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Substitution of equation (2.17) in (2.5) gives the corresponding power series expansion
for strain,
S ij 





x2n S ij( n ) ,

(2.19)

n 0

and substitution of (2.18) in (2.6) yields power series expansion for electric field,
Ei 





x2n Ei( n ) ,

(2.20)

n 0

where the two-dimensional functions for the strain and electric field of order n are
Sij( n)  12 [u (jn,i)  ui(,nj)  (n  1)( i 2u (jn1)   2 j ui( n1) )] ,
Ei( n)  ,(i n)   2i (n  1) ( n1) .

(2.21)
(2.22)

The two-dimensional functions of stress and electric displacement of order n are
defined by taking moments of the stress and electric displacement of order n over the
thickness of the plate ,
Tij( n ) 



h

h

Tij x2n dx3 ,

Di( n ) 



h

h

Di x2n dx3 .

(2.23)

By substituting the three-dimensional constitutive relations (2.3) and (2.4) in
(2.23) gives the plate constitutive equations,
Tij( n ) 



B

( m)
mn (cijkl S kl

 ekij Ek( m) ) ,

(2.24)

  ij E (j m) ) ,

(2.25)

m 0

Di( n ) 



B

( m)
mn (eijk S jk

m 0

where

Bmn 

2h m n1 (m  n  1) ,
x2m x2n dx2  
h
0,



h

m  n even,
m  n odd.

(2.26)

Through a procedure of variational formulation, the plate equation of motion and the
equation of charge are given in (2.27) and (2.28) [50], the index a =1 and 3 but not 2.
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Taj( n,a)  nT2( nj1)  F j( n )  



B

(jm)
mn u

,

(2.27)

m 0

Da( n,a)  nD2( n1)  D ( n)  0 ,

(2.28)

where the combination of surface and body load is defined by (2.29). The surface electric
charge of order n is defined by (2.30).



F j( n)  x2nT2 j

 
h

h

h

h



D ( n)  x2n D2

f i ( n) x2n dx2 ,

(2.29)



(2.30)

h
h

.

In summary, equations (2.21), (2.22) and (2.24)-(2.30) are the governing
equations used to determine the two-dimensional power functions ui(n ) and  (n ) . The
number of these two-dimensional functions is infinitive, however in practice, we always
truncate the series in (2.17) and (2.18). For example, if only extensional displacement of
the plate is considered, the only nonzero functions kept in the equations are u1( 0) , u 3( 0) and
 ( 0) ,  (1) . If the extension and flexure with thickness-shear inside the plate are

considered, the nonzero functions need to be determined are u1( 0) , u 2( 0) , u 3( 0) , u1(1) , u3(1) and
 ( 0) ,  (1) .

2.2.1 Zero-Order Theory for Extension
For a thin piezoelectric plate, the in-plane extension is its major motion. The zero-order
theory uses u1( 0) and u 3( 0) to describe the extensional displacements of thin plate, the result
shows enough accuracy for many applications. The equations used in the zero-order
theory are presented in this section. At first, the displacement components and electric
potential are approximated by the truncated power series,
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ui  ui(0)  x2ui(1) ,

(2.31)

   (0)  x2 (1) .

(2.32)

u1( 0) and u 3( 0) represent in-plane extensional displacements of the plate, u 2( 0) is the

deflection of the flexure, u 2(1) represents the thickness stretch or contraction accompanying
extension due to Poisson’s effect, u1(1) and u3(1) describe thickness-shear motion. In zeroorder theory, we are mainly interested in u1( 0) and u 3( 0) , so the rest of the displacement
functions, u 2( 0) , u 2(1) , u1(1) and u3(1) in (2.31), are eliminated through a stress relaxation
procedure, i.e. the approximate stress condition that the stress resultant T2(0j )  0 . In order
to do so, the material constants cijkl, ekij, and εik need to be modified to γrs, ψir and ζij as
shown in (2.38), the process is described in [50]. Those stress resultants which survive in
the zero-order equations are two in-plane normal stress resultants T11( 0) and T33( 0) , one inplane shear stress resultant T13( 0) where
T11(0) 



h

h

T11dx2 ,

T33(0) 



h

h

T33dx2 ,

T13(0) 



h

h

T13dx2 .

(2.33)

We list below the governing equations in power series discussed at beginning of
this section but with the surviving unknown functions. See Reference [50] for detailed
derivation. (2.34) is the equation of motion in zero-order theory. The truncated equations
of charge are shown in (2.35).
Tab(0,)a  Fb(0)  2hub(0) ,

Da(0,a)  D (0)  0 ,

a, b  1 and 3 ,

(2.34)

Da(1,a)  D2(0)  D (1)  0 .

(2.35)

(2.36) and (2.37) are the plate constitutive equations. Note that (2.36)-(2.38) are written
in compact matrix notation.
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Tr(0)  2h( rs S s(0)  ir Ei(0) ),

Di(0)  2h( is S s(0)   ij E (j0) ) ,

where

r , s  1 ,3,5 ,

Di(1) 

2h 3
 ij E (j1) ,
3

(2.36)
(2.37)

1
 rs  crs  crv cvw
cws , r , s  1,3,5,

1
 ks  eks  ekw cwv
cvs , v, w  2,4,6,

(2.38)

1
 kj   kj  ekv cvw
e jw , j, k  1,2,3 .

The strain-displacement relations are given in (2.39), and the equations of electric
potential are shown in (2.40).
S1(0)  u1(,01) , S 3(0)  u3(0,3) , S 5(0)  u1(,03)  u3(0,1) ,

(2.39)

E1(0)  ,(10) , E3(0)  ,(30) , E2(0)   (1) .

(2.40)

It is worth mentioning that (2.35) is for the case that the upper and lower surfaces of the
piezoelectric plate are not electroded. For the case of electroded plate, the values of
 ( 0) and  (1) in (2.32) need to be specified on the two electroded surfaces of the plate.

2.2.2 First-Order Theory for Extension, Flexure and Thickness-Shear
In addition to the extension of the crystal plate, sometimes the flexure of the plate ( u 2( 0) )
also needs to be considered. The flexure motion of the plate is coupled with thicknessshear ( u1(1) and u 3(1) ), which may or may not be ignored. In order to do so, we need to use
the first-order plate theory. This time the components of displacement u i are
approximated by the first three terms of a power series in x2:
ui  ui(0)  x2ui(1)  x22ui( 2) .

(2.41)
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The electric field potential ϕ is still approximated as shown in (2.32). In (2.41) u1( 0) and
u 3( 0) are the in-plane extensional displacements, u 2( 0) represents the flexure deflection,
u1(1) and u 3(1) represent the thickness-shear motion, u 2(1) and u 2( 2) represent the thickness

stretch or contraction accompanying extension and flexure due to Poisson’s effect,
u1( 2) and u3( 2) represent the second-order symmetric thickness-shear motion. In the first-

order theory, we are mainly interested in u1( 0) , u 2( 0) , u 3( 0) , u1(1) , and u 3(1) , so the rest
displacement functions in (2.41) are eliminated through a 3-step stress relaxation
procedure [50]. First step, let the stress resultant T22(0)  0 for thin plate, which will modify
cijkl, ekij, and εik in the zero-order constitutive equation to cijkl , ekij , and  ik as shown in
(2.46). Second step, use two correction factors κ1 and κ3 to modify the two zero-order
( 0)
( 0)
( 0)
( 0)

strains S 21
and S 23
to 1 S 21
and  3 S 23
, in this way cijkl , ekij are further modified to cijkl

and ekij in (2.45). The purpose of the second step is to make sure that the fundamental
thickness-shear frequency obtained by the first-order theory is equal to that obtained from
the three-dimensional equations. Third step, let T2(1j)  0 for thin plate, so that the cijkl, ekij
and εik in the first-order constitutive equation will be modified in the same way as shown
in (2.38).
The surviving stress functions are five zero-order stress resultants: three in-plane
stress resultants T11( 0) , T33( 0) , T13( 0) as shown in (2.33); two out of plane stress resultants T12( 0)
and T23( 0) ; three first-order stress moments: T11(1) and T33(1) are two bending moments and
T13(1) is the in-plane twisting moment.

T12( 0) 



h

h

T12dx2 ,

T23(0) 



h

h

T23dx2 ,

(2.42)
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T11(1) 



h

h

T33(1) 

x2T11dx2 ,



h

h

T13(1) 

x2T33dx2 ,



h

h

x2T13dx2 .

The governing equations with the surviving unknowns are listed below. See Reference
[50] for detailed derivation. Equations in (2.43) are the first-order plate equations of
motion,
Tab(0,)a  Fb(0)  2hub(0) ,

a, b  1 and 3 ,

Ta(20,)a  F2(0)  2hu2(0) ,

Tab(1,)a  T2(b0)  Fb(1) 

(2.43)

2h 3 (1)
ub .
3

The equations of charge for the case of unelectroded plate still take the form of (2.35).
The zero-order constitutive equations are shown in (2.44),
 S kl(0)  ekij
 Ek(0) ),
Tij(0)  2h(cijkl

(2.44)

 S kl(0)   ij E (j0) ) ,
Di(0)  2h(eikl

where
 c11
 0

 c
   31
c pq
k 3 c41
 c51

 k1c61

 

0
0

c13
0

k 3 c14
0

c15
0

0 c33
0 k 3 c43
0 c53

k 3 c34
k 32 c44
k 3 c54

c35
k 3 c45
c55

0 k1c63

k1k 3 c64

k1c65

e11 0 e13

eiq  e21 0 e23
e
 31 0 e33

 

k 3 e14
k 3 e24

e15
e25

k 3 e34

e35

k1c16 
0 
k1c36 

k1k 3 c46 
k1c56 

k12 c66 

(2.45)

k1e16 

k1e26 
k1e36 


and
cijkl  cijkl  cij 22c22kl c2222 ,
ekij  ekij  ek 22c22ij c2222 ,

(2.46)
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 ij   ij  ei 22e j 22 c2222 .

(2.47) are the first-order constitutive equations, and the material constants γrs, ψir, and ζij
are still defined by (2.38),
Tr(1) 

2h 3
( rs S s(1)  kr Ek(1) ),
3

Di(1) 

2h 3
( is S s(1)   ij E (j1) ) ,
3

r , s  1 ,3,5 ,

(2.47)

Equations in (2-48) are the strain-displacement relations, and the equations of electric
potential are given in (2.49).
S1(0)  u1(,01) , S 3(0)  u3(0,3) , S 5(0)  u1(,03)  u3(0,1) ,
S 4(0)  u 2(0,3)  u3(1) , S 6(0)  u 2(0,1)  u1(1) ,

(2.48)

S1(1)  u1(,11) , S3(1)  u3(1,3) , S 5(1)  u1(,13)  u3(1,1) ,

E1(0)  ,(10) , E3(0)  ,(30) , E2(0)   (1) ,

(2.49)

E1(1)  ,(11) , E3(1)  ,(31) , E2(1)  0 .

2.3 Quartz and Other Piezoelectric Materials
As mentioned in Chapter 1, most of the commercial crystal resonators are made of quartz.
Quartz is crystal of silicon dioxide. In crystallography, quartz belongs to class 32 of
trigonal crystal system [72]. There exists large quantity of quartz on earth. Quartz also
can be artificially synthesized to very high quality. Besides piezoelectricity, quartz has
very low damping. It has low solubility and is comparably hard but not brittle. It is also
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easy to be cut into different shapes [1]. All above make the quartz the best material for
resonators.
Z

Y

X

(a)

Z
x3

θ=35.25º
x2

θ

x1

X

(b)

Y

Figure 2.2: (a) Bulk of quartz. (b) AT-Cut quartz plate.1
1

Figure redrawn based on Fig.1 A of “Introduction to Quartz Crystal Microbalance” by S. L. Hellstrom,
http://large.stanford.edu/courses/2007/ph210/hellstrom2/
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The thickness-shear modes of a quartz plate are often employed for the high
frequency resonators. A particular cut of a crystal plate refers to the orientation of the
plate when it is taken out of a bulk crystal. Quartz plates of different cuts exhibit different
anisotropies in coordinates normal and parallel to the plate surfaces. Figure 2.2 shows a
bulk of quartz and a widely used AT-cut plate for the thickness-shear resonator. In fact,
the AT-cut quartz plate is a special case of rotated Y-cut quartz plates (cuts with different
θ angles). Other examples of rotated Y-cuts include BT-cut (θ=-45˚) and Y-cut (θ=0˚).
The elastic, piezoelectric and dielectric constants of AT-cut quartz with respect to the
plate coordinate system ( x1, x2, and x3 ) are given in (2.50). The density of quartz is 2649
kg/m3 [50,71].
0
0 
 86.74  8.25 27.15  3.66
 8.25 129.77  7.42
5.7
0
0 

 27.15  7.42 102.83 9.92
0
0 
2
9
[c pq ]  
  10 N/m ,
5.7
9.92 38.61
0
0 
 3.66
 0
0
0
0
68.81 2.53 


 0
0
0
0
2.53 29.01
0
0 
0.171  0.152  0.0187 0.067


[eip ]   0
0
0
0
0.108  0.095 C/m2 ,
 0
0
0
0
 0.0761 0.067 



(2.50)

0
0 
39.21


[ ij ]   0
39.82 0.86   1012 C/(V∙m).
 0
0.86 40.42



Poled ferroelectric ceramics, commonly called piezoelectric ceramics, have a
much stronger piezoelectric effect than quartz. The piezoelectricity comes from the
polarization in the ceramics due to applied loads. They are often used as transducers and
actuators. For a plate of PZT-5H (density 7500 kg/m3) with the coordinate system as
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shown in Figure 2.1, the PZT-5H is poled in x2 direction, i.e. the polarization direction is
along x2. The corresponding material constants are [50,71]
0
0
12.6 8.41 7.95 0
8.41 11.7 8.41 0
0
0 

7.95 8.41 12.6 0
0
0 
2
10
[c pq ]  
  10 N/m ,
0
0
2.3
0
0
 0
 0
0
0
0 2.325 0 


 0
0
0
0
0
2.3
0
0
0 0 17
 0


[eip ]   6.5 23.3  6.5 0 0 0  C/m2,
 0
0
0
17 0 0 



(2.51)

0
0 
1.505


[ ij ]   0
1.302
0   108 C/(V∙m).
 0
0
1.505



The crystal class (6mm) of the hexagonal crystal system also processes
piezoelectricity due to polarization. The material constants matrices are similar to (2.51).
For example, zinc oxide (ZnO) belongs to this class and is used in Chapter 6.
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Chapter 3

Crystal Plates with Multiphysical
Films

In this chapter, we consider a crystal plate with surface films that are sensitive to different
physical effects, such as inertia, stiffness, intrinsic stress, piezoelectric coupling, and
piezomagnetic coupling. These multiphysical effects are integrated into the twodimensional plate equations (discussed in Chapter 2), in order to obtain the generalized
equations, which will then be used to study the thickness-shear vibrations of a rotated Ycut quartz plate with multiphysical films. Frequency shifts due to the multiphysical films
are calculated and examined in order to investigate the potential sensor application of
using a quartz resonator with sensitive surface film to detect electric or magnetic field, or
estimate the intrinsic stress in thin films [73].
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3.1 Introduction
Crystal resonators are often used in harsh environments or on objects in largeacceleration motion. For these applications, high frequency stability of the crystal
resonators against temperature change or acceleration is desired [74]. On the contrary, for
sensor applications like quartz crystal microbalances (QCMs), high sensitivity to
different environmental effects is desired. Such environmental sensitivity may come from
surface films on the QCM.
In fact, it is inevitable that there exist intrinsic stresses [36,60] in functional films
of a QCM due to manufacturing processes. When surface films have piezoelectric or
piezomagnetic couplings [63,64], they will change their shapes if ambient electric or
magnetic fields appear. Both the intrinsic stresses and multiphysical couplings in the
films will ultimately shift the resonant frequencies of a crystal resonator through the
stresses and strains they produce. These stresses and strains are called initial or biasing
fields in the resonators.
When the biasing fields are present, the resonator frequencies are slightly
different from those without biasing fields. The behavior of crystal resonators with the
presence of biasing fields is governed by the theory for small fields superposed on a bias
[67] which needs to be derived from a nonlinear theory [68]. Due to the complexity of
these theories, the effects of biasing fields in resonators due to surface films are relatively
less studied. In [60] and [61], the film intrinsic stress and thermal expansion were treated
separately for resonator applications.
Recently it has been shown through simple one-dimensional analyses, that plate
crystal resonators structurally integrated with piezoelectric/piezomagnetic films
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possessing strong piezoelectric/piezomagnetic couplings may be considered for
electric/magnetic field sensing [65]. It is also possible to use surface piezoelectric films
to manipulate frequency shifts in crystal resonators caused by accelerations [66]. A
crystal plate with a layer of a different material is also useful to compensate frequency
shift due to temperature [62].
In this chapter, we explore further the ideas of electric/magnetic field sensing and
frequency manipulation in [65,66]. In order to predict behaviors of real devices of finite
sizes, we analyze the more realistic situation of finite, two-dimensional plates for
frequency shifts caused by multiphysical effects in surface films. For this purpose we
expand the first-order, two-dimensional equations for coupled extension, thickness-shear
and flexural vibrations of a crystal plate with elastic surface films [44] to include intrinsic
stresses and piezoelectric/piezomagnetic couplings in the films. Several applicable
examples are presented.
Finally, the two-dimensional equations are reduced to describe the pure thicknessshear vibrations of a quartz plate with a single mass film on top of the plate. The reduced
equation will be used in the following two chapters.

3.2 Two-Dimensional Equations for a Crystal
Plate with Surface Films
In this section, the two-dimensional equations for crystal plates with films of
multiphysical effects are generalized.
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3.2.1 Equations for the Crystal Plate
First we use first-order theory discussed in Chapter 2 to describe the coupled extensional,
flexural and thickness-shear vibrations of a quartz crystal plate alone without surface
films. Quartz is a material with very weak piezoelectric coupling. The very small
piezoelectric coupling in quartz is neglected in frequency analysis of quartz devices. In
this way, the crystal plate can be considered as an elastic plate. Consider the crystal plate
of thickness 2h in Figure 3.1, x1 and x3 are in the middle plane. x2 is along the plate
normal. Indices i, j, k , l range over 1, 2, 3 and a, b, c, d over 1, 3 but skip 2.
x2

2h

h

Crystal plate
Films

x3

x1

h

2h

Figure 3.1: A crystal plate with asymmetric surface films.
The components of displacement u i are approximated by the first two terms of a
power series in x2:
ui  ui( 0) ( x1 , x3 , t )  x2ui(1) ( x1 , x3 , t ) ,

(3.1)

and the nonzero stress-resultants Tij( 0) and stress moments Tab(1) are
Tij(0) 



h

h

Tij dx2 , Tab(1) 



h

h

x2Tab dx2 .

(3.2)

The stress-equations of motion, Tij ,i   u j , are approximated by the following five
equations:
Tij(,0i )  F j(0)  2hu(j0) ,

i, j  1,2,3 ,

(3.3)
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Tab(1,)a  T2(b0)  Fb(1) 

2 3 (1)
h u b ,
3

a, b  1,3 ,

(3.4)

where a dot denotes time derivative, F j( 0) and Fb(1) are surface loads defined by
F j( 0)  T2 j

h

 T2 j

h

, Fb(1)  hT2b h  hT2b

h

,

(3.5)

and  is the mass density. The stress-strain relation, Tij  cijkl Skl , which can be considered
as a modification of equation (2.3) with piezoelectric coupling term dropped, is
approximated by

Tij(0)  2hgijkl
Skl(0) ,

(3.6)

2
Tab(1)  h3 abcd Scd(1) ,
3

where

gijkl
  im j  2 knl  2 gijkl , (not summed)

gijkl  cijkl  cij 22 c22 kl c2222 ,

(3.7)

 abcd  cabcd  cab 2 j c2 kcd (c2 j 2 k )1.
*
g ijkl is obtained from the stress relaxation T22(0)  0 . They are then modified into g ijkl
by

the shear correction factors  1 and  3 [43,44].  abcd is obtained from the stress relaxation
T2(1)j  0 . In (3.7), m and n are given by

m  cos2 (ij 2) , n  cos2 (kl 2) .

(3.8)

The values of the  a will be provided later. The strain-displacement relation is given in
index form by
Sij( 0) 

1 ( 0)
(ui , j  u (j0,i)   2 j ui(1)   2i u (j1) ) ,
2

in which  ij is the Kronecker symbol.

(1)
S ab


1 (1)
(ua ,b  ub(1,a) ) ,
2

(3.9)
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3.2.2 Equations for the Films
Physical quantities associated with the upper and lower films will be designated by
primes and double primes, respectively. The film thickness, 2h and 2h  , are usually
much thinner than the crystal plate. Therefore the films are modeled by the zero-order
theory. Then, the equations for the upper film are
 0jbTab(,0a)  F j( 0)  2h uj( 0) ,
F j( 0)  T2 j

h

 T2 j

,

 h

   abcd
 Scd(0)  ekab
 Ek  hkab
 H k ) ,
Tab(0)  2h( ab

(3.10)
(3.11)
(3.12)

1
( 0)  (ua(,b0)  ub(,a0) ) ,
S ab
2

(3.13)

 0jbTab(,0a)  F j( 0)  2h uj( 0) ,

(3.14)

and for the lower film are,

F j( 0)  T2j

h

 T2j

h

   abcd
 Scd(0)  ekab
 Ek  hkab
 H k) ,
Tab(0)  2h( ab

1
( 0)  (ua,(b0)  ub,(a0) ) ,
S ab
2

(3.15)
(3.16)
(3.17)

where a, b, c, d range over 1, 3, but skip 2.  0jb   cb when j  c and  0jb  0 when j  2 .
(3.12) and (3.16) are more general than the corresponding ones in [44] due to the
 , the electric field E k , and the magnetic field
inclusion of the thin-film intrinsic stress  ab
 is the thin-film elastic constant, ekab
 and
H k . Take the upper film as an example,  abcd
 are thin-film piezoelectric and piezomagnetic constants. They are obtained from the
hkab

( 0) , the
 , the strain S cd
stress relaxation T2 (j 0) =0. We assume that the intrinsic stress  ab
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electric field E k , and the magnetic field H k are all infinitesimal. Only their first-order
 , E k and H k are considered known
effects on the resonant frequencies are of interest.  ab

and they act as loads on the structure. For the lower film the situation is similar.

3.2.3 Equations for the Crystal Plate with Surface Films
The equations of the crystal plate and the surface films are joined together using the
following interface continuity conditions of tractions and displacements:
T2 j

 h

 T2 j

h

, T2j

h

 T2 j

,

h

ui( 0)  ui( 0)  h ia0 ua(1) .

ui( 0)  ui( 0)  h ia0 ua(1) ,

(3.18)
(3.19)

From (3.5)1 and (3.18), and from (3.5)2 and (3.18), we obtain
F j( 0)  T2 j

 T2j

h

Fb(1)  hT2b

 h

,

h

 hT2b

(3.20)
.

h

(3.21)

From the sum and difference of (3.11) and (3.15),
T2 j

 h

 T2j

hT2b

 h

 hT2b

h

 F j( 0)  F j( 0)  F j( 0) ,
h

 Fb(1)  h( Fb( 0)  Fb( 0) ) ,

(3.22)
(3.23)

where
F j( 0)  T2 j

h

Fb(1)  hT2b

 T2j
h

h

 hT2b

,
h

(3.24)
,

(3.25)

are the loads on the outer surfaces of the films. Hence, from (3.20)-(3.23),
F j( 0)  F j( 0)  ( F j( 0)  F j( 0) ),

(3.26)

Fb(1)  Fb(1)  h( Fb( 0)  Fb( 0) ) .

(3.27)
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Equations (3.26) and (3.27) show that the surface loads of the crystal plate F j( 0) and
Fb(1) are expressed in terms of the surface loads F j( 0) and F j( 0) of the films. From the sum

and difference of the stress equations of motion (3.10) and (3.14),
( 0)  Tab
( 0) ) ,a  2h uj( 0)  2h uj( 0) ,
F j( 0)  F j( 0)   0jb (Tab

(3.28)

 (0)  Tab
 (0) ) ,a  2h ub (0)  2h ub (0) .
Fb (0)  Fb (0)  (Tab

(3.29)

Substituting these expressions into (3.26) and (3.27), and using (3.19), we have
(0)  Tab
(0) ) ,a  2hRS u(j0)  2h 2 RD 0ja ua(1) ,
F j(0)  F j(0)   0jb (Tab

(3.30)

(0)  Tab
(0) ) ,a  2h3 RS ub(1)  2h 2 RD ub(0) ,
Fb(1)  Fb(1)  h(Tab

(3.31)

where we have denoted
RS  (  h   h) h ,

RD  (  h   h) h .

(3.32)

RS and RD are the mass ratios of the sum and difference of the films to the crystal plate.

Next by substituting (3.30) and (3.31) into stress equations of crystal plates (3.3)
and (3.4), we arrive at the following five stress equations of motion for the crystal plate
carrying the films:
(0)
2
0 (1)
T ij(0)
 2h (1  RS )u (0)
,i  F j
j  2h  RD jb ub ,

2
T ab(1,)a  T 2(b0)  Fb(1)  h 3  (1  3RS )ub(1)  2h 2 RD ub( 0) ,
3

(3.33)
(3.34)

where the total resultants or moments, which come from the contributions of both the
plate and films, are
( 0)  Tab
( 0) ) ,
T ij( 0)  Tij( 0)   ia0  0jb (Tab
(1)
( 0)  Tab
( 0) ) .
T ab(1)  Tab
 h(Tab

(3.35)
(3.36)
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By substituting the constitutive relations for the crystal plate (3.6) and the
constitutive relations for the two thin-films (3.12) and (3.16) into (3.35) and (3.36), and
then using the strain-displacement relations (3.13) and (3.17). Also by noticing the
extensional displacements of the two films can be expressed in terms of ui( 0) and ua(1) by
means of (3.19) and using strain-displacement relation for the plate (3.9), we arrive at the
following constitutive relations for the plate with the two films:

S
( 0)
D
(1)
T ij( 0)  2hgijkl
S kl( 0)  2h ia0  0jb ( abcd
S cd
 h abcd
S cd
)  2hNij ,

(3.37)

2 3
(1)
S
(1)
D
( 0)
h  abcd S cd
 2h 3 abcd
S cd
 2h 2 abcd
S cd
 2hM ab ,
3

(3.38)

T ab(1) 

where we have defined
h
h
  ekab
 Ek  hkab
 H k )   ia0  jb0
  ekab
 Ek  hkab
 H k)
( ab
( ab
h
h

(3.39)

  ekab
 Ek  hkab
 H k )  h( ab
  ekab
 Ek  hkab
 H k) ,
M ab  h( ab

(3.40)

Nij   ia0  jb0

S
D
  h abcd
 ) h ,  abcd
  h abcd
 ) h .
 abcd
 (h abcd
 (h abcd

(3.41)

N ij and M ab describe the contributions from the films to the extension and bending of

the plate. By substituting the strain-displacement relations (3.9) into (3.37) and (3.38) and
then (3.37) and (3.38) into (3.33) and (3.34), we have
)
)

S
D
g ijkl
(u k( 0,li)   2 k u l(,1i) )   0jb  abcd
u c(0,da
 h 0jb  abcd
u c(1,da


1 1 ( 0)
h F j  N ij ,i
2

(3.42)

  (1  RS )u(j0)  hRD  0ja ua(1) ,
1 2
1
)
S
)
D
)
h  abcd uc(1,da
 g 2bkl (uk( 0,l)   2 k ul(1) )  h 2 abcd
uc(1,da
 h abcd
uc( 0,da
 h 1Fb(1)  M ab,a
3
2
1
 h 2  (1  3RS )ub(1)  hRD ub( 0) .
3

(3.43)

Equation (3.42) and (3.43) are the overall displacement equations of motion for the five
displacements, ui( 0) and ua(1) .
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Finally, the shear correction factors  1 and  3 are determined by requiring the
fundamental thickness-shear frequencies of an infinite plate calculated from the
approximate plate equations and the exact three-dimensional equations to be equal. For a
plate of monoclinic crystals which includes rotated Y-cut quartz as a special case, the
correction factors are [44]
 a2 

2 2
2
2
2
 2 ca {1  C a RS [1  C a RS  14  C a ( RS  RD )]}

12

g 2 a 2 a [1  3RS  3RD2 (1  RS )]

,

(3.44)

where
c1  c 2121,
2
c3  12 {c 2222  c 2323  [(c 2222  c 2323) 2  4c 2223
]1 / 2 },

(3.45)

C j  c j c2 j 2 j .

3.3 Reduction to Extension and Elementary
Flexure
We now begin to find the frequency shift of the crystal plate due to the biasing field
caused by the multiphysical films. Our first task is to determine this static biasing field.
We know equations (3.33) and (3.34) or (3.42) and (3.43) are coupled equations for the
extension ua( 0) , flexure u2( 0) , and thickness-shear ua(1) of the crystal plate. If we consider the
plate is at static state, not in motion, ua( 0) , u2( 0) , and ua(1) are the biasing deformations due
 , E k , H k in the upper film and similar fields in the lower film. For thin plates the
to  ab

thickness shear ua(1) is usually very small and can be eliminated, resulting in a simpler
theory for coupled extension and elementary flexure without thickness shear. Such a
theory will be sufficient for our needs and many other applications. This simplified
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theory is reduced from (3.33) and (3.34) as follows. First, we rewrite (3.33) and (3.34) as
separate equations for ua( 0) , u2( 0) , and ua(1) :
T ab( 0,)a Fb( 0)  2h (1  RS )ub( 0)  2h 2 RD ub(1) ,
T a(20,)a  F2( 0)  2h (1  RS )u2( 0) ,

T ab(1,)a  T 2(b0)  Fb(1)  0 ,

(3.46)
(3.47)
(3.48)

where, as one of the two approximations needed for the reduction to elementary flexure,
we have neglected the rotatory inertia terms on the right-hand side of (3.34). Equation
(3.48) now provides the usual shear force-bending moment relation in the elementary
theory for flexure. Solving (3.48) for T 2b( 0) , and substituting the resulting expression into
(3.47) gives the following equation for elementary flexure:
T ab(1,)ab  Fb(,1b)  F2( 0)  2h (1  RS )u2( 0) .

(3.49)

Another approximation needed for the reduction to elementary flexure is that the plate
shear strains S a( 02) vanish, namely,
S a( 02) 

1 ( 0)
(u 2,a  u a(1) )  0 .
2

(3.50)

This implies, through (3.9), that
ua(1)  u2( 0,a) ,

(3.51)

(1)
)
.
S ab
 u2( 0,ab

(3.52)

With (3.51) we can write the extensional equation (3.46) as
T ab( 0,)a  Fb( 0)  2h (1  RS )ub( 0)  2h 2 RD u2( 0,b) .

(3.53)
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(3.53) and (3.49) are three equations for ua( 0) and u2( 0) . The extension ua( 0) and the flexure
u2( 0 ) are coupled on the right-hand side of (3.53) when the two films are different. Since
( 0)
is not present in (3.37), from (3.37) and (3.39) we have
S a( 02)  0 and S 22
( 0)

( 0)
S
( 0)
D
(1)
T ab
 2hgabcd
Scd
 2h( abcd
Scd
 h abcd
Scd
)  2hNab ,

Nab 

h
h
  ekab
 Ek  hkab
 H k )  ( ab
  ekab
 Ek  hkab
 H k) .
( ab
h
h

(3.54)
(3.55)

The general equations of motion for ua( 0) and u2( 0) are obtained by substituting (3.54) and
(1)
( 0)
(3.38) into (3.53) and (3.49). S ab
and S ab
are now given by (3.9)1 and (3.52),

respectively, in terms of ua( 0) and u2( 0) .

3.4 Biasing Fields Caused by the Multiphysical
Films
Consider the static deformation of a finite plate with traction-free surfaces all around. The
top and bottom surface loads F j( 0)  0 and Fb(1)  0 . The edge of the plate is geometrically
smooth (without corners) and is free from any mechanical resultants. In this case,
T ab( 0)  0 and T ab(1)  0 satisfy the governing equations in (3.53) and (3.49) as well as all

boundary conditions. We consider the case of uniform intrinsic stresses and
electric/magnetic fields in the films. In this case N ab and M ab are constants. Then the
(1)
( 0)
corresponding constant plate extensional strains S ab
and flexural strains S ab
, i.e. the

biasing fields, are determined by setting (3.54) and (3.38) to zero
( 0)

( 0)
S
( 0)
D
(1)
T ab
 2hgabcd
S cd
 2h( abcd
S cd
 h abcd
S cd
)  2hNab  0 ,

(3.56)
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T ab(1) 

2 3
(1)
S
(1)
D
( 0)
h  abcd S cd
 2h 3 abcd
S cd
 2h 2 abcd
S cd
 2hM ab  0 .
3

(3.57)

( 0)
For elementary flexure S 2( 0a)  0 . S 22
is determined from the stress relaxation condition

T22( 0)  0 . S 2(1j) is determined from the stress relaxation conditions T2(1j )  0 . Then S ij( 0 ) and

S ij(1) are completely known. In the relatively simple case of cylindrical deformations of

plates with u3  0 and  / x3  0 , from (3.56) and (3.57) we obtain
S1(0) 

S1(1)

D
S
  11
M 1  h( 11 3   11
) N1
,
D 2
S
*
S
h( 11 )  h( 11 3   11 )(g11   11
)

*
S
D
( g11
  11
) M 1  h 11
N1
.
 2 D 2
2
S
*
S
h ( 11 )  h ( 11 3   11 )(g11
  11
)

(3.58)

(3.59)

(3.58) and (3.59) show that  11D causes coupling between extension and bending. For
symmetric films it vanishes.

3.5 Frequency Shift of the Fundamental
Thickness-Shear Mode
In this section, we consider thickness-shear vibrations of a rotated Y-cut quartz plate with
the presence of biasing fields, S ij( 0) and S ij(1) , caused by the intrinsic stresses and
electric/magnetic fields in the surface films. The thickness-shear vibration is an
incremental motion superposed on these biasing fields. For the most widely used
fundamental thickness-shear mode, the frequency shift  caused by the biasing fields is
given by [75,76]:
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0


 S1(0) 
h2
3  c66

1
(c166 S1(0)  c266 S2(0)  c366 S3(0)  c466 S4(0) )
2c66

(3.60)

(1)
(1)
(1)
(c165 S5,1
 c561S1,3
 c563 S3,3
),

where  is normalized by the fundamental thickness-shear frequency ( 0 ) of the
crystal plate alone when the films are not present
0 


2h

c66



.

(3.61)

The third-order elastic constants, such as c166 and c266, are for nonlinear material behavior.
They have six indices in the tensor notation and three indices under the compact matrix
notation [77]. The first-order plate strains S ij(1) have contributions only when they are
inhomogeneous. In the special case of cylindrical deformations, (3.60) reduces to


0

 (1 

c166 c266 c21 (0)

) S1 .
2c66 2c66 c22

(3.62)

3.6 Examples of Application
In this section, we use the equations derived in the above to study frequency shifts in a
resonator caused by electric/magnetic fields and electrode stresses. Consider a crystal
plate of Y-cut quartz which is a special case of rotated Y-cuts when the angle of rotation
θ is zero in Figure 2.2. The linear material constants can be found in [77]. The third-order
elastic constants are from [78]. The following relations among the third-order elastic
constants exist and are needed [79]
c166  (2c111  c112  3c222 ) / 4,
c266  (2c111  c112  c222 ) / 4, c366  (c113  c123) / 2.

(3.63)

44

For the plate thickness we choose 2h=1 mm. The fundamental thickness-shear mode of
the plate alone without the surface films is 0/2 = 1.940022106 Hz.

3.6.1 Electric Field Sensing
Consider the above quartz plate with only one surface film of PZT-5H poled in the
thickness direction ( h  0 ). Polarized ceramics have much stronger piezoelectric
coupling than quartz. When the plate is placed under an external electric field in the
thickness direction, the ceramic film tends to expand or contract through piezoelectric
coupling, but the quartz plate does not do so because its e21=e22=e23=0. Instead, the quartz
plate extends and bends under the action of the ceramic film. We solve (3.56) and (3.57)
on a computer for Sab(0) and Sab(1) , and use the stress relaxation conditions to find the other
plate strains. Then we calculate the frequency shift using (3.60) and plot the results in
Figure 3.2.

Figure 3.2: Frequency shift due to electric field.
A linear relationship between the frequency shift and the electric field is predicted,
which is ideal for electric field sensing. This linearity is also a consequence of the theory
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employed, i.e., the biasing fields are assume to be small and are obtained by the linear
theory of elasticity, and only the first-order effect of the biasing fields on the incremental
thickness-shear vibration is considered. For large biasing fields, the nonlinear theory of
elasticity is needed to determine the biasing fields, and the second- and higher-order
effects of the biasing fields need to be considered [80]. Then a nonlinear relationship
between the frequency shift and the biasing fields will be predicted. Such a calculation
requires the knowledge of the fourth-order material constants, which presently are not
available. Therefore, the range of the linear output cannot be determined from the present
analysis. For a moderate electric field of 105V/m or 100V/mm, the relative frequency
shift is of the order of 10-6 which is measurable in crystal resonators whose frequency
shifts are typically described by ppm (parts per million). Figure 3.2 shows that thicker
piezoelectric films imply higher sensitivity as expected. These results agree with the [65]
for cylindrical motions.

Figure 3.3: Curvature due to electric field.
Since the ceramic film is on one side of the crystal plate only, the electric field
also causes bending of the crystal plate. The curvatures of the middle plane of the crystal
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plate are shown in Figure 3.3 when h / h  0.1 . The curvature in the x3 direction is smaller
because c33 is larger than c11 for Y-cut quartz plates.

3.6.2 Magnetic Field Sensing
When a Y-cut quartz plate carries only one piezomagnetic film ( h  0 ) of CoFe2O4
whose material constants can be found in [81], the analysis is similar. Quartz does not
respond to magnetic fields directly. Through the extension or contraction of the
piezomagnetic film, the quartz plate extends and bends, resulting in frequency shifts and
curvatures. The results are shown in Figures 3.4 and 3.5, respectively, showing that the
structure can function as a possible magnetic field sensor. These also agree with the
results of the cylindrical motions considered in [65].

Figure 3.4: Frequency shift due to magnetic field.
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Figure 3.5: Curvature due to magnetic field.

3.6.3 Electrode Stress
Plate quartz resonators are usually exited by electrodes on the top and bottom of the
plates. The electrodes often carry intrinsic stresses due to their manufacturing processes.
These electrode stresses are of the order of 200 MPa [82]. Their effects on resonator
frequency stability is an important issue in resonator design. As an example, consider a
Y-cut quartz plate with identical electrodes of gold with intrinsic stresses of 200 MPa in
both the x1 and x3 directions. The frequency shift calculated from (3.60) is shown in
Figure 3.6. It is of the order of 10-5, quite significant.
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Figure 3.6: Frequency shift due to identical electrode stress.
Another important aspect of the electrodes is their thickness. In resonator
manufacturing, one electrode is pre-deposited with a pre-determined thickness. Then the
thickness of electrode on the other side of the plate is modulated according to the desired
frequency of the resonator. This normally results in a crystal plate with electrodes of
unequal thicknesses. It is known that electrodes with different thicknesses cause
undesirable mode couplings and affect resonator performance [44,83]. As a numerical
example, consider a Y-cut quartz plate with electrodes of different thicknesses.
h / h  0.003 and h / h  0.001 . The corresponding curvatures are calculated from (3.56)

and (3.57) and are shown in Figure 3.7. If sufficient information about the plate strains
and curvatures are measured experimentally, the electrode intrinsic stresses and/or their
thicknesses can be calculated from measured data using (3.56) and (3.57).
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Figure 3.7: Curvature due to electrode stress of unequal thickness.

3.7 Reduction to Pure Thickness-Shear of a
Quartz Plate with a Mass Film on Top
We begin from equation (3.43), which mainly describes the thickness-shear vibration of a
crystal plate with two different multiphysical films on top and bottom surfaces of the
plate. If we ignore the extension and flexure motion of the plate, i.e. u k(0)  0 , and only
one single film on top of the plate is considered, RS  RD  R   h h , equation (3.43)
is reduced to
1 2
1
)
)

S
h  abcdu c(1,da
 g kbkl
u l(1)  h 2 abcd
u c(1,da
 h 1Fb(1)  M ab,a
3
2
1
 h 2  (1  3R)ub(1) .
3

(3.64)

If only the inertia effect of the film is considered, equation (3.40) which describes the
multiphysical effects of the film, becomes M ab  0 . The first equation of (3.41) also
S
becomes  abcd
 0 because the stiffness of the film is ignored too. If there are no tractions
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on the outer surfaces of the quartz plate, Fb(1)  0 (see equation (3.25)). Take all the above
into account, equation (3.64) is further reduced to
1 2
1
)

h  abcdu c(1,da
 g kbkl
ul(1)  h 2  (1  3R)ub(1) .
3
3

(3.65)

Now let us consider the crystal plate is made of rotated Y-cut quartz. It is doing a
thickness-shear vibration with particle displacement along x1 and the frequency is ω. Use
equations (3.7) and (3.8) based on rotated Y-cut quartz and drop the time exponential of
u1(1) , we can rewrite equation (3.65) in compact matrix notation (see Section 2.1) as,

1 2
1
)
)
h ( 11u1(,111
  55u1(,133
)  k 2 c66u1(1)  h 2  (1  3R) 2 u1(1)  0.
3
3

(3.66)

In equation (3.66), k is the correction factor. The fundamental thickness-shear frequency
(also referred to as cutoff frequency) is obtained by letting u1(1) to be a constant in (3.66),
 2  3k 2 c66 [ h 2 (1  3R)] .

(3.67)

The same fundamental thickness-shear frequency can be also obtained from the threedimensional equation [46],
 2   2 c66 [4h 2 (1  R) 2 ] .

(3.68)

By equating (3.67) and (3.68), we determine the correction factor k as
k2 

 2 1  3R

.

12 (1  R) 2

(3.69)

Since typical R is below 1‰, k can be approximated by
k2 

2
12

(1  R) .

(3.70)

By substituting (3.70) in (3.67) we have the fundamental thickness-shear frequency as,
2 

 2 c66 1  R  2 c66

(1  2 R) .
4  h 2 1  3R 4  h 2

(3.71)
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If the film is not present, which means R=0, (3.71) is reduced to
2 

 2 c66
.
4 h 2

(3.72)

Equation (3.66) along with (3.70)-(3.72) is used to study the thickness-shear vibration of
quartz plate bonded with finite-size film on top in the following chapters.

3.8 Summary
Two-dimensional equations for coupled extension, flexure and thickness motions of
anisotropic crystal plates with multiphysical surface films are derived, then reduced to
coupled extension and elementary flexure without shear, and used in the analysis of
frequency shifts in crystal resonators. It is shown that a crystal plate with a
piezoelectric/piezomagnetic film may be used as a sensor for electric/magnetic fields.
When the film/plate thickness ratio is 1/10 and the electric field is of the order of 100
V/mm, the relative frequency shift is of the order of a few ppm. When the magnetic field
is of the order of 100 A/mm, the relative frequency shift is of the order of 10 -5. These
agree with some previous analyses in simpler situations, and are detectable frequency
shifts in crystal resonators. The equations derived are also useful in the analysis of the
effects of electrode stress in crystal resonators.
Furthermore, the two-dimensional plate equation for a pure thickness-shear
vibrating quartz plate with a mass film on top was obtained. This approximate equation is
used in Chapter 4 and 5.
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Chapter 4

Effects of Nonuniform Films

In this chapter, we study the effects of the nonuniform thickness of a thin mass film on
the resonance of a quartz crystal resonator. The plate equation for thickness-shear
vibration of a rotated Y-cut quartz plate with surface film (see Section 3.7) is used in this
chapter.
An elliptical mass film with stepped thickness deposited on the top surface of a
quartz plate is considered in Section 4.2 [84]. The resonant vibration frequencies and
modes corresponding to this structure are obtained. The effects of the mass film
nonuniformity are examined. Results show that the vibrations of some modes are
confined under the mass film, this phenomenon is called “energy trapping”. It is also
shown that a mass film thicker at the center tends to trap more modes under the mass film
and push the distribution of the thickness-shear displacement toward the center.
Next, in Section 4.3, we study the effects of a mass film with gradually varying
thickness. A theoretical analysis is performed on thickness-shear vibration of a quartz
plate with its upper surface deposited with a mass film having gradually varying
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thickness [85]. Resonant vibration frequencies and modes are obtained. The effects of the
mass film nonuniformity are examined. It shows similar results as from stepped thickness
film, there exist trapped modes whose motion is mainly under the film. When the film
becomes thicker, the modes are pushed toward the center.

4.1 Introduction
As introduced in Chapter 1, the inertial effect of a thin surface film is to lower the
resonant frequencies of a quartz crystal resonator [86,87]. This effect alone can be used to
measure the thin-film mass density and thickness. Researchers also developed more
sophisticated models considering both the inertial and stiffness effects of the mass layer
[51,52], but these one-dimensional models only include the plate thickness coordinate
only, without in-plane variations or boundary effects. Behaviors of real devices are more
complicated for several reasons and can deviate, sometimes considerably, from the
results predicted by thickness-coordinate models. For example, due to the energytrapping phenomenon, the thickness-shear vibration is not uniform and is mainly under
the mass layer and decays exponentially away from the mass layer edge. The in-plane
variations of the thickness-shear modes also cause deviation from the Sauerbrey equation
used to predict the frequency shift. There have been a few attempts considering the inplane variations of thickness-shear modes [11,14,53], but overall theoretical results are
few and scattered.
Recently, it has been pointed out that the functional film on a quartz crystal
microbalance is sometimes nonuniform and little is known about its implications [88].
While there have been a few published results on nonuniform mass layers or nonuniform
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electrodes on quartz crystal resonators either for mass sensing [54,55] or for energy
trapping in resonator applications [56-59], these analyses are all for strip resonators with
modes and film (or electrode) thickness variations depending on one in-plane coordinate
only. For an accurate understanding of the effects of nonuniform mass films, a more
sophisticated analysis with the film thickness and mode variation depending on both of
the in-plane coordinates is performed in this chapter.

4.2 Films with Stepped Thickness
We first consider an elliptical mass film with stepped thickness. The number of steps in
the film thickness variation is arbitrary. Therefore the model can approximate a gradually
varying film thickness to any desired accuracy using a sufficiently large number of steps.
An elliptic shaped film is chosen because it is known to be most compatible with the
distribution of the thickness-shear vibration and therefore is optimal in the sense of
[47,89]. Due to material anisotropy of the quartz plate, an elliptical film allows an exact
analysis based on the plate equation while a circular film does not.

4.2.1 Structure
For our purpose it is sufficient to consider an unbounded plate of AT-cut quartz as shown
in Figure 4.1. The plate has a thickness 2h and a mass density ρ. There is a thin, elliptical
film with stepped thickness on the top of the crystal plate. The density of the film is ρ'. Its
varying thickness is 2h' which is piecewise constant between two neighboring ellipses.
The film is assumed to be very thin. Only its inertia will be considered, its stiffness will
be neglected [86,87].
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x1

x3
x2


2h

x1

Quartz

Figure 4.1: Top and side views of a quartz plate with a nonuniform film
of stepped thickness.
Consider the case of N ellipses. The Nth ellipse represents the boundary of the
film. Beginning from the center, the nth ellipse is described by
x12
(a ( n ) ) 2  11 /  55



x32
(a ( n ) ) 2

 1 , n=1, 2, …, N.

(4.1)

The semi-major and semi-minor axes are a ( n )  11 /  55 and a (n ) , respectively. We also
denote a ( 0)  0 and a ( N 1)   . For AT-cut quartz, according to (2.38)1 the two modified
elastic constants are  11  79.27 N/m2 and  55  49.90  109 N/m2. The ratio between the
major and minor axes is 1.26 which is very close to the optimal electrode shape
determined in [47,89]. We need to analyze N+1 regions of (a ( n1) , a ( n ) ) with n=1, 2,…,
N+1. For a frequency analysis, we will neglect the small piezoelectric coupling of quartz
as usual.
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4.2.2 Governing Equations
In general, thickness-shear vibration may be coupled to flexural motion in a quartz plate.
This coupling depends on the plate dimensions and is strong only for certain aspect ratios
(length/thickness) of the plate [41]. For thin plates, the coupling to flexure is less likely to
happen. For our purpose we assume that the coupling to flexure has been avoided through
design and we will consider pure fundamental thickness-shear vibration with only one
nodal point in thickness direction. So the displacement field is approximated by [41]:
u1 ( x1 , x2 , x3 , t )  x2 1 ( x1 , x3 , t ), u2  0, u3  0 ,

(4.2)

where  1 is the plate thickness-shear displacement (labeled as u1(1) in Chapter 3),  1 also
indicates the rotation of a line element initially normal to the middle plane of the plate.
We try to determine the resonant frequency  of the quartz plate under the influence of
the nonuniform film. The plate equation (3.66) for the pure thickness-shear vibration with
a mass film discussed in Section 3.7 is used here. For the nth region, the governing
equation for  1 is
 11

 2 1
 2 1


 3h 2 ( ( n ) ) 2 c66 1  (1  3R ( n ) )  2 1  0 ,
55
2
2
x1
x3

(4.3)

where
(

(n) 2

) 

 11 

2
12

(1  R ) , R ( n ) 
(n)

s33
,
2
s11s33  s13

 55 

 h ( n )
,
h

1
.
s55

(4.4)

(4.5)
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(4.5) shows  11 and  55 can also be defined by the elastic compliances spq of quartz. From
(4.3) we can determine the so called cutoff frequency of the fundamental thickness-shear
mode independent of x1 and x3 by assuming  1 is a constant,

( ( n ) ) 2 

3( ( n ) ) 2 c66
 2 c66

1  2R (n) ,
2
( n)
2
 h (1  3R ) 4h 





(4.6)

where the approximation is for small R (n ) . Above the cutoff frequency, the displacement
field is oscillatory. Below the cutoff frequency, the displacement field is decaying. We
consider the case when the film is thicker in the middle as shown in Figure 4.1 with
R (1) > R ( 2 ) >…> R ( N 1) =0.

(4.7)

We are interested in the energy-trapping modes for which the corresponding resonant
frequencies  are within the interval of

(1)    ( N 1) .

(4.8)

In this frequency range,  1 is oscillatory in the inner most central region under the film
and decays outside the film. In an annular region of the film  1 maybe oscillatory or
decaying depending on whether  is above or below the cutoff frequency of the
particular annular region.

4.2.3 Free Vibration Solution
In the ( x1 , x3 ) plane, we introduce a new coordinate system (1 ,  3 ) by
x1  1  11 /  55 ,

x3   3 .

(4.9)

In this new coordinate system, the ellipses in (4.1) are transformed into circles described
by
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12
(a ( n ) ) 2



 32
(a ( n ) ) 2

 1.

(4.10)

(4.3) becomes
 2 1  2 1
1
1

 3h 2 ( ( n ) ) 2 c66 55
 1  (1  3R ( n ) )  2 55
1  0 .
2
2
1
 3

(4.11)

We then introduce a polar coordinate system ( r,  ) defined by
3  r cos , 1  r sin  .

(4.12)

We are only interested in modes that are independent of  . Then (4.11) becomes
 2 1 1  1

 ( ( n ) ) 2 1  0 ,
2
r

r
r

(4.13)

where
1 2
1
.
( ( n ) ) 2  (1  3R ( n ) ) 55
  3h 2 ( ( n ) ) 2 c66 55

(4.14)

To be specific we consider the case when  is within
(1)  ( 2)    ( N )    ( N 1) .

(4.15)

In this case the thickness-shear motion is oscillatory everywhere under the film and
decays outside the film. Under (4.15), for n=1, 2, 3, …, N, we have ( ( n ) ) 2 >0. For
n=N+1, ( ( N 1) ) 2 <0 and we denote ( ( N 1) ) 2 =   2 . Then, in different regions, general
solutions to (4.13) can be written as
 1  AJ 0 ( (1) r ), 0  r  a (1) ,

(4.16)

 1  B ( n) J 0 ( ( n) r )  C ( n)Y0 ( ( n) r ), a ( n)  r  a ( n1) , n  1, N  1 ,

(4.17)

 1  DK0 (  r ), a ( N )  r   ,

(4.18)

where A, B (n ) , C (n ) and D are undetermined constants. J0 and Y0 are the zero-order
Bessel functions of the first and second kinds, respectively. They oscillate and decay
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according to 1 / r for large r. K0 is the zero-order modified Bessel function of the second
kind which decays exponentially at infinity.
At the interfaces between neighboring regions both the stress and displacement in
radius direction are continuous, so the  1 and its normal derivative with respect to r
should be continuous at the interfaces [77]:
AJ 0 ( (1) a (1) )  B ( 2) J 0 ( ( 2) a (1) )  C ( 2)Y0 ( ( 2) a (1) ) ,

(4.19)

A (1) J 0 ( (1) a (1) )  B ( 2) ( 2) J 0 ( ( 2) a (1) )  C ( 2) ( 2)Y0( ( 2) a (1) ) ,

(4.20)

B ( n ) J 0 ( ( n ) a ( n ) )  C ( n )Y0 ( ( n ) a ( n ) )
 B ( n 1) J 0 ( ( n 1) a ( n ) )  C ( n 1)Y0 ( ( n 1) a ( n ) ), n  2,3,..., N  1,

B ( n ) ( n ) J 0 ( ( n ) a ( n ) )  C ( n ) ( n )Y0( ( n ) a ( n ) )
 B ( n 1) ( n 1) J 0 ( ( n 1) a ( n ) )  C ( n 1) ( n 1)Y0( ( n 1) a ( n ) ), n  2,3,..., N  1,

(4.21)

(4.22)

B ( N ) J 0 ( ( N ) a ( N ) )  C ( N )Y0 ( ( N ) a ( N ) )  DK0 ( a ( N ) ) ,

(4.23)

B ( N ) ( N ) J 0 ( ( N ) a ( N ) )  C ( N ) ( N )Y0( ( N ) a ( N ) )  DK 0 ( a ( N ) ) ,

(4.24)

where a prime represents the differentiation with respect to the entire argument,  ( n) r or
 r . (4.19)-(4.24) represent 2N linear homogeneous equations for A and B (n ) , C (n ) and D.

For nontrivial solutions of the undetermined constants, the determinant of the coefficient
matrix must vanish, which gives the frequency equation that determines the resonant
frequencies  . This will be done numerically on a computer. The following identities are
used to simplify the numerical calculation:
J 0   J 1 , Y0  Y1 , I 0  I 1 , K 0   K1 ,

(4.25)

where I0 is the zero-order modified Bessel function of the first kind which is needed
when  is in a different range than (4.15).
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4.2.4 Numerical Results
As a numerical example, we consider an AT-cut quartz plate with a typical resonator
thickness of 2h=0.2 mm. To examine the effects of the film thickness variation, we
calculate three examples and compare the results. Case (1) is a plate with a uniform film.
Case (2) is for a plate with a film whose thickness has one sudden change (step). Case (3)
is similar to Case (2), with one sudden change in the thickness by a different amount. The
specific parameters of the three cases are:
(1) Uniform film: a =5 mm, R =2.5%. The cutoff frequencies of the central and outer
regions are 8,078,497 Hz and 8,273,188 Hz.
(2) Relatively weak nonuniform film: a (1) =2.5 mm, R (1) =3%, a ( 2) =5 mm,

R ( 2) =2.5%. From the central to the outer regions, the cutoff frequencies are 8,042,263 Hz,
8,078,497 Hz, and 8,273,188 Hz.
(3) Relatively strong nonuniform film: a (1) =2.5 mm, R (1) =4%, a ( 2) =5 mm,

R ( 2) =2.5%. The cutoff frequencies are 7,972,243 Hz, 8,078,497 Hz, and 8,273,188 Hz.
The only difference between Cases (2) and (3) is R (1) .
In real applications R is usually less than 1‰. An exaggerated value of R is
chosen to show its numerical effects more clearly. The frequencies and mode shapes of
the trapped modes for the three cases are shown in Figures 4.2-4.4 respectively. These
modes are essentially under the film (energy-trapping). The modes are normalized by
their maxima.
In Figure 4.2 for Case (1), there are four trapped modes. They are all oscillatory
under the film and decay outside it. The four modes are with zero, one, two and three
nodal points and slowly increasing frequencies. Ideally, only the first mode without nodal
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points alone is needed for mass sensing. The frequencies of the four modes are 8,083,967
Hz, 8,107,198 Hz, 8,148,456 Hz, and 8,206,412 Hz, respectively. They are slowly
increasing.

Figure 4.2: Trapped modes for Case (1), uniform film, a =5 mm, R =2.5%.
In Figure 4.3 for Case (2), five trapped modes are found. They can be classified
into two categories. The first mode without a nodal point alone represents one category.
It is oscillatory under the central circular region r  a (1) where the film is thick, and
decays in both the annular region a (1)  r  a ( 2) where the film is thin and the outer
region r  a ( 2) where there is no film. The four other modes with one, two, three, and
four nodal points are all oscillatory under the film everywhere ( r  a ( 2) ) no matter the
film is thin or thick, and decay outside the film. The frequencies of the modes are
8,055,622 Hz, 8,095,289 Hz, 8,130,593 Hz, 8,191,140 Hz, and 8,260,625 Hz,
respectively. The first three frequencies are slightly lower than those in Case (1) because
of the additional mass of the thick central layer.
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Figure 4.3: Trapped modes for Case (2), nonuniform film,
a (1) =2.5 mm, R (1) =3%, a ( 2) =5 mm, R ( 2) =2.5%.
In Figure 4.4 for Case (3), five trapped modes are found. They also fall into two
categories. The first two modes with zero and one nodal point are oscillatory under the
central circular region r  a (1) and decay outside it. The three other modes with two,
three and four nodal points are oscillatory everywhere under the film when r  a ( 2) and
decay outside the film. The frequencies of the modes are 7,989,122 Hz, 8,055,574 Hz,
8,108,798 Hz, 8,164,732 Hz, and 8,229,204 Hz, respectively.

Figure 4.4: Trapped modes for Case (3), nonuniform film,
a (1) =2.5 mm, R (1) =4%, a ( 2) =5 mm, R ( 2) =2.5%.
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In Figures 4.5-4.9 we plot the same mode from different cases in the same figure.
Clearly, as the center of the film becomes thicker, the same mode is pushed toward the
center.

Figure 4.5: The first mode from Cases (1)-(3).

Figure 4.6: The second mode from Cases (1)-(3).
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Figure 4.7: The third mode from Cases (1)-(3).

Figure 4.8: The fourth mode from Cases (2) and (3).
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Figure 4.9: The fifth mode from Cases (2) and (3).

4.3 Films with Gradually Varying Thickness
In this section we begin to consider the case of a film with a continuously varying
thickness on a quartz crystal resonator, which is a more realistic situation than the
stepped thickness variation considered in Section 4.2.

4.3.1 Structure
Consider an AT-cut quartz plate as shown in Figure 4.10. The plate has a uniform
thickness 2h and a mass density ρ. There is a film with a varying thickness on the top of
the crystal plate. The density of the film is   . Its varying thickness is 2h  .
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Nonuniform film

Figure 4.10: A quartz plate with a nonuniform film.

4.3.2 Governing Equations
We consider the pure thickness-shear vibration of the plate based on the same
displacement approximation as in (4.2). The governing plate equation of (3.66) is written
as
 11

 2 1
 2 1


 3h 2 2 c66 1  (1  3R)  2 1  0 ,
55
x12
x32

(4.26)

where  1 is the plate thickness-shear displacement, also the rotation of a line element
initially normal to the middle plane of the plate, and
2 

2
12

(1  R ) ,

R

 h
.
h

(4.27)

Identities in (4.5) also apply here. For small R, (4.26) can be approximately rewritten as
 11

 2 1
 2 1


 [  2  2 (1  2 R)] 1  0 ,
55
2
2
x1
x3

(4.28)

where
 2 

 2 c66
.
4h 2 

(4.29)

  is the frequency of the fundamental thickness-shear mode of the quartz plate when

the film is not present. In fact, since R is very small, the difference between (4.26) and
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(4.28) is of the order of ( 2  2 ) R , which is a higher-order infinitesimal because
 2  2 is also small. We consider the case when the film thickness is varying according

to
2h  2h0 [1  f1 ( x1 )  f 3 ( x3 )] ,

(4.30)

where 2h0 is the film center thickness, f1 and f3 are slowly growing functions so that the
film is thick in the center and thin away from the center. Corresponding to (4.30), from
(4.27)2 we have
R  R0 [1  f1 ( x1 )  f 3 ( x3 )] ,

(4.31)

where
R0 

 h0
.
h

(4.32)

Substitution of (4.31) into (4.28) gives
 11

 2 1
 2 1


 [ 2  02  2 2 R0 ( f1  f 3 )] 1  0 ,
55
x12
x32

(4.33)

where we have denoted
 02  2 1  2R0  .

(4.34)

 0 is the frequency of the fundamental thickness-shear mode of a crystal plate with a

film of a uniform thickness 2h0 . We are interested in the energy-trapping modes with the
corresponding frequency  within
0     .

(4.35)

These modes are large near the plate center and decay rapidly away from the center.
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4.3.3 Free Vibration Solution
As a partial differential equation, (4.33) is separable. Let
 1 ( x1 , x3 )  F1 ( x1 ) F3 ( x3 ) .

(4.36)

Then from (4.33) we can obtain
 11F1,11  12 F1  2 2 R0 f1 ( x1 ) F1  0,
 55 F3,33  32 F3  2 2 R0 f 3 ( x3 ) F3  0,

(4.37)

where the separation constants 1 and 3 must satisfy the following equation which
gives the resonant frequencies once 1 and 3 are determined:
 2  02  12  32 .

(4.38)

To be specific, we consider the case when
f1 ( x1 )  1 x12 ,

f 3 ( x3 )   3 x32 .

(4.39)

Correspondingly,
 11F1,11  12 F1  2 2 R0 1 x12 F1  0,
 55 F3,33  32 F3  2 2 R0  3 x33 F3  0.

(4.40)

Equations similar to (4.40) were also encountered in the study of contoured resonators
with varying thicknesses [90-93]. (4.40) is mathematically analogous to Schrodinger’s
equation for a quantum mechanical harmonic oscillator [94]. The two equations in (4.40)
have the same structure. Consider (4.40)1 first. Introduce the following change of variable:
x1  A11 .

(4.41)

Then it can be verified that when


 11

A1  
2

 2  R0 1 

(4.40)1 is transformed into

1/ 4

,

(4.42)

69

d 2 F（
1 1）
 1  12 F（
1 1） 0 ,
2
d1





(4.43)

where
1  12

A12

 11

or

12 

 11
1 .
A12

(4.44)

(4.43) is the well-known Weber’s equation [92,93]. Let
2

F1 (1 )  H (1 )e 1 / 2 .

(4.45)

d 2H
dH
 21
 1  1H  0 .
2
d1
d1

(4.46)

Thus, equation (4.43) becomes

For odd integers of λ1, the solution of (4.46) is the Hermite polynomials of different
orders, i.e. [94],
1  2n1  1, H (1 )  H n1 (1 ), n1  0,1,2,3 ,

(4.47)

where [94,95]
H 0  1,
H 1  21 ,
H 2  412  2,

(4.48)

H 3  813  121 ,
.

(4.40)2 can be treated similarly. Substituting (4.34), (4.32), (4.29), (4.44)2 and a similar
solution from (4.40)2 into (4.38) gives the resonant frequencies as
 2   2 1  2 R0  


 11
2n1  1  552 2n3  1 .
2
A1
A3

(4.49)

70

4.3.4 Numerical Results
As a numerical example, consider an AT-cut quartz resonator with 2h  1 mm, and
R0 =5%. In real applications R0 is usually less than 1‰. An exaggerated value of R0 is

chosen to show its numerical effects more clearly. In this case the thickness-shear mode
without a film has a frequency of f    /(2 ) =1,654,638 Hz. The frequency when the
plate is with a uniform mass layer of R0 =5% is f 0  0 /(2 ) =1,569,727 Hz.
1   3   =4,444.4 m-2 is used. For this value of  , the film thickness decreases to zero

when its radius is 15 mm, a practically reasonable size. Calculations show that in this
case the operating mode of (n1 , n3 ) =(0,0) in fact essentially decays to zero before it
reaches the film boundary and thus does not really feel the film boundary.
Figure 4.11 shows the first six modes in the interval of ( f 0 , f  ) in the order of
increasing frequency. (n1 , n3 ) =(0,0), (0,1), (1,0), (0,2), (1,1), and (2,0). f ( 0, 0) =1,586,981,
f ( 0,1) =1,602,093, f (1, 0 ) =1,606,004, f ( 0, 2) =1,617,063, f (1,1) =1,620,938, f ( 2, 0) =1,624,804 Hz.

The displacements of all these modes are essentially trapped under the film. The modes
are with different numbers of nodal lines in the x1 and/or x3 directions. Roughly, higher
order modes have higher frequencies.

(a)

(b)
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(c)

(d)

(e)

(f)

Figure 4.11: Distribution of the thickness-shear displacement of the first six trapped
modes in the order of increasing frequency.
(a): (n1 , n3 ) = (0,0) , (b): (n1 , n3 ) = (0,1) , (c): (n1 , n3 ) = (1,0) ,
(d): (n1 , n3 ) = (0,2) , (e): (n1 , n3 ) = (1,1) , (f): (n1 , n3 ) = (2,0) .
Figures 4.12 and 4.13 show the effects of R0 and  on the most useful mode in
devices with (n1 , n3 ) =(0,0). Considering the in-plane material anisotropy of the plate,
both the mode variations along the x1 and/or x3 directions are shown separately. It is seen
that when R0 becomes larger or the film becomes thicker, the frequencies become lower
and the modes are pushed toward the center (Figure 4.12). When  becomes larger, i.e.,
the film thickness variation is more rapid or the film becomes smaller, the frequencies
become higher and modes are also pushed toward the center (Figure 4.13).
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(a)

(b)
Figure 4.12: Effects of R0 on the first mode,  =4,444.4 m-2. f (0,0) = 1,617,327, 1,586,981,
and 1,555,305 Hz when R0 =3%, 5%, and 7%.
(a): x1 dependence;
(b): x3 dependence.
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(a)

(b)
Figure 4.13: Effects of  on the first mode, R0 =5%. f ( 0, 0) = 1,582,685, 1,586,981, and
1,595,538 Hz when  =2,500, 4,444.4, and 10,000 m-2.
(a): x1 dependence;
(b): x3 dependence.

4.4 Summary
Either the nonuniform film is modeled by stepped thickness films or by a gradually
varying two-dimensional function, the conclusions are similar. A nonuniform film,
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thicker at the center, tends to trap more modes with nodal points under the film and push
the modes toward the center. In the region where the film is gradually getting thinner, the
vibration may be reduced significantly from oscillatory to decaying.
The frequencies of the modes are slightly lowered when the film becomes thicker
in the center. These effects cause considerable complications in mass sensing. They also
have implications in the actual operation of electrically forced vibrations of a quartz
crystal resonator. If a trapped mode with a nodal point is under the driving electrodes, the
change of sign of the shear deformation across the nodal point causes charge cancellation
on the electrodes and affects the impedance of the device.
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Chapter 5

Effects of Film Arrays

In this chapter, we concentrate on the effects of periodic or nonperiodic film array
deposited on a single quartz plate. This study is based on the design of multiple quartz
crystal microbalances (QCMs) located on a single quartz plate. Each quartz crystal
microbalance is deposited with a different functional film, thus the overall structure can
work as a multifunctional sensor. The interactions between the QCMs are to be
minimized by design. The purpose of the study in this chapter is to understand the
vibration modes and frequencies of a quartz plate under the influence of a mass film array
deposited on its upper surface. This study is the initial step towards a practical design of
such kind of multifunctional sensor.
In Section 5.1, we first concentrate on the free thickness-shear vibrations of a
two-dimensional, periodic array of QCMs modeled by mass films with gradually varying
thickness [96]. A theoretical analysis is performed using the two-dimensional equation
for quartz plate with surface film derived in Section 3.7. It is shown that mathematically
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the problem is governed by Mathieu’s equation with a spatially varying coefficient. A
periodic solution for resonant frequencies and modes is obtained with which the effects
of the films are examined. Results show that the vibration may be trapped or non-trapped
under the film. The trapped modes decay differently in the two in-plane directions of the
plate. The mode shapes and the decay rate of the trapped modes are sensitive to the film
thickness.
Next, we focus on the effects of a nonperiodic film array in Section 5.2 [97]. The
two-dimensional equation for quartz plate with surface film previously used is not able to
capture the complicated boundary conditions imposed by the nonperiodic films on the
crystal plate. We turn to use the three-dimensional equations of anisotropic elasticity to
study thickness-shear (TSh) and thickness-twist (TT) vibrations of a quartz plate with a
nonperiodic one-dimensional array of surface films. An analytical solution is obtained for
the free vibration eigenvalue problem using Fourier series from which the resonant
frequencies and mode shapes are calculated.

5.1 Periodic Arrays
5.1.1 Introduction
One-dimensional arrays of resonators [69], QCMs [33-35] and transducers [70] were
analyzed using equations for piezoelectric plates. In [33-35,69,70] the electrodes or mass
layers on the quartz crystal resonators are uniform. In this section, we study the more
general situation of a monolithic array of QCMs. The current analysis is different from
the array analyses in [33-35,69,70] in two aspects. One aspect is that the mass films are
of continuously varying thickness. The other is that we consider a two-dimensional array.

77

5.1.2 Governing Equations
Consider an AT-cut quartz plate as shown in Figure 5.1. A periodic array of rectangular
QCMs is on top surface of the plate. Only nine of them are shown. The plate has a
uniform thickness 2h and a mass density ρ. There is an identical thin mass film with a
slowly varying thickness on the top of each QCM. The density of the mass film is   . Its
varying thickness is 2h( x1 , x3 ) . The specific form of this function will be given later. The
film is assumed to be very thin. Only its inertia will be considered. Its stiffness will be
neglected [86,87].

Figure 5.1: A quartz plate for 3×3 QCMs and coordinate system.
For a frequency analysis, we neglect the small piezoelectric couplings of quartz as
usual. As shown in equation (4.2), the pure thickness-shear vibration of quartz plate can
be described by
u1 ( x1 , x2 , x3 , t )  x2 1 ( x1 , x3 , t ), u2  0, u3  0 ,

(5.1)

where  1 ( x1 , x3 , t ) is the plate fundamental thickness displacement. Through a similar
procedure as illustrated in Section 4.3.2, the governing plate equation for  1 is written as
 11

 2 1
 2 1


 [  2  2 (1  2 R)] 1  0 ,
55
2
2
x1
x3

(5.2)
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where R   h h is the mass ratio between the overall film array and quartz plate,
besides
 



c 66

2h



,

(5.3)

is the frequency of the fundamental thickness-shear mode of the quartz plate when the
film array is not present.
The film array thickness is written as
2h  2h0 [1  f1 ( x1 )  f 3 ( x3 )] ,

(5.4)

where 2h0 is the film array center thickness at each QCM, f1 and f3 are small and slowly
growing periodic functions so that the film array is thick at the center and thin at its edges
at each QCM. Similar as shown in Section 4.3.2, the plate equation can be written as
 11

 2 1
 2 1


 [ 2  02  2 2 R0 ( f1  f 3 )] 1  0 ,
55
x12
x32

(5.5)

where R0   h0 h .  02  2 1  2R0  is the frequency of the fundamental thicknessshear mode of the quartz plate with a film of a uniform thickness 2h0 . We are mainly
interested in the energy-trapped modes with the frequency  within
0     .

(5.6)

5.1.3 Free Vibration Analysis
As a partial differential equation, (5.5) is separable. Let
 1 ( x1 , x3 )  F1 ( x1 ) F3 ( x3 ) .

Then from (5.5), by the standard procedure of separation of variables, we obtain

(5.7)
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 11F1,11  12 F1  2 2 R0 f1 ( x1 ) F1  0,
 55F3,33  32 F3  2 2 R0 f 3 ( x3 ) F3  0,

(5.8)

where the separation constants 1 and 3 must satisfy the following equation which
gives the resonant frequencies once 1 and 3 are determined:
 2  02  12  32 .

(5.9)

To describe a film array with a periodically varying thickness, we choose
2h  

h0
2


x 
x
 cos 1  cos 3   h0
a1
a3 


 1 1
 x 
x  1 1
 2h0 1    cos 1     cos 3 ,
a1   4 4
a 3 
 4 4

(5.10)

where a1 and a3 are the length and the width of an individual QCM, respectively. In a
typical QCM, e.g., the one at the origin with | x1 | a1 and | x3 | a3 , the film described by
(5.10) assumes its maximal thickness 2h0 at the center (0,0) and it vanishes at the four
corners of the rectangle. Therefore (5.10) describes a film thick at the center and thin at
the edges. In other QCMs of the array, we have the same nonuniform film because of the
periodicity of (5.10). From (5.10) and (5.4) we identify
f1 

x
1 1
 cos 1 ,
4 4
a1

f3 

x
1 1
 cos 3 .
4 4
a3

(5.11)

Then (5.8) can be written as


1
2

x1 

(5.12)

1
2

x3 

(5.13)

 11F1,11   12  2 R0 cos




 55F3,33   32  2 R0 cos


 F1  0 ,
a1 
 F3  0 ,
a3 

where for convenience we have introduced 1 and 3 which satisfy the following
equation from (5.9):
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 2  02  12  32  2 R0 .

(5.14)

(5.12) and (5.13) are the well-known Mathieu’s equation [98]. For the periodic
array in Figure 5.1, we are interested in periodic solutions of (5.12) and (5.13) that are
even functions of x1 and x3. Therefore, according to Fourier series, we let
F1  A0 





An cos

n 1

n
x1 ,
a1

F3  B0 



B

n

cos

n 1

n
x3 ,
a3

(5.15)

where An and Bn (n=0, 1, 2, …) are undetermined coefficients. (5.12) and (5.13) can be
solved in the same way. We focus on (5.12) in the following. Substituting (5.15)1 into
(5.12), using the relevant trigonometric identity to convert the product terms into sums,
we obtain
1
4

12 A0  2 R0 A1
1

x

1
  2 R0 A0  [ 12   11 ( ) 2 ] A1  2 R0 A2  cos 1
a1
4
a1
2





1

  4 

2
 R0 An 1

 [ 12   11 (

n2

(5.16)


n 2
1
n
) ] An  2 R0 An 1  cos
x1  0.
a1
4
a1


Multiplying both sides of (5.16) by cos(mx1 / a1 ) with m=0, 1, 2, …, integrating the
resulting expression over a period (-a1,a1), using the orthogonally of the trigonometric
functions, we arrive at the following recurrence relations which are linear homogeneous
equations for Am:
1
4

12 A0  2 R0 A1  0,
1

1
2 R0 A0  [ 12   11 ( ) 2 ] A1  2 R0 A2  0,
2
a1
4
1
m 2
1
2 R0 Am1  [ 12   11 (
) ] Am  2 R0 Am1  0, m  2,3,4,.
4
a1
4

(5.17)
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For nontrivial solutions of Am, the determinant of the coefficient matrix of (5.17) must
vanish, which gives the frequency equation that determines 1 . The corresponding
nontrivial Am obtained from (5.17) determines F1 through (5.15)1. In a similar way,  3
and Bm can be obtained by solving (5.13). Then  can be obtained from (5.14). These
will be done numerically on a computer.

5.1.4 Numerical Results
For numerical examples we fix 2h=1 mm and a1=a3=1 cm which are typical for a QCM.
We consider the case of R0=5%. In this case f   1654638 Hz and f 0  1569727 Hz.
Table 5.1 shows the results of numerical tests using three, five, or ten terms in the Fourier
series. Three resonant frequencies, f11, f12, and f21, are found within  0      . It can be
seen that when using five and ten terms the frequencies are already indistinguishable.
Numerical tests also show that when using ten terms in the series the modes
corresponding to the three frequencies also become stable. This is as expected because, as
to be seen later, the behaviors of the modes we are interested in are relatively simple,
with only a few in-plane oscillations and therefore can be well approximated by a few
terms in the Fourier series. Our calculations below will be based on ten terms in the series.
Table 5.1: Resonant frequencies showing convergence.
Number of terms in

f 11 (Hz)

f12 (Hz)

f 21 (Hz)

3

1595188

1626922

1631909

5

1595181

1626864

1631890

10

1595181

1626864

1631890

the Fourier Series
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(a)

(b)

(c)
Figure 5.2: The three modes shown in a single QCM (a) f11; (b) f12; (c) f21.
For the three modes found, Figure 5.2 shows their vibration distribution in a
single QCM, e.g., the one within | x1 | a1 and | x3 | a3 . The first mode is with the
frequency f11, the lowest frequency. The vibration is large near the center and decays to
almost zero near the edges. Therefore this is a well trapped mode. For this mode
neighboring QCMs have little interaction which is the desired situation for a QCM array.
The second mode is with f12. It is well trapped along x1 and is nearly zero at x1  a1 .
However, along x3 it changes its sign with two nodal points and has a large amplitude
near x3  a3 . Therefore, for this mode, in the x3 direction, the vibration leaks out of the
mass layer and neighboring QCMs begin to interact significantly. Similarly, the third
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mode with f21 is well trapped along x3 but has two nodal points along x1 and a large
amplitude near x1  a1 .
To see the variations of the three modes found more clearly, in Figure 5.3 we plot
their x1 dependence and x3 dependence separately for an array of 3×3 QCMs. Clearly, the
first mode is trapped in both directions, the second mode is trapped in the x1 direction
only, and the third mode is trapped in the x3 direction only. We note that the modes decay
faster in the x3 direction than in the x1 direction. Therefore rectangular QCMs with
a3  a1 are more reasonable than square QCMs for device miniaturization. Similarly,

elliptical QCMs are more reasonable than circular ones. In addition, Figure 5.3 also
shows that even for the first mode there is still some vibration left between neighboring
QCMs.

(a)
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(b)

Figure 5.3: x1 dependence (a) and x3 dependence (b) of the three modes in a 3×3 array.
Solid line: the 1st mode. Dash-dot line: the 2nd mode. Dash line: the 3rd mode.
Figure 5.4 shows the effect of the mass ratio R0 on the vibration distribution of the
first mode for an array of 3×3 QCMs. A large R0 represents a mass layer thicker at the
center. The figure shows that a thicker mass layer is associated with fast decay of the
vibration amplitude from the center and smaller vibration amplitude between neighboring
QCMs or less interactions among them.

(a)
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(b)

Figure 5.4: Effects of R0 on vibration distribution of the 1st mode along x1 (a) and x3 (b) in
a 3×3 array. Dash-dot line: R0=3%. Solid line: R0=5%. Dash line: R0=7%
For a more visual presentation, in Figure 5.5 we show the vibration distribution of
the first mode in an array of 3×3 QCMs.

Figure 5.5: Vibration distribution of the first mode in a 3×3 array.
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5.2 Nonperiodic Arrays
5.2.1 Introduction
In this section we study the thickness-shear (TSh) and thickness-twist (TT) vibrations of
a monolithic, nonperiodic array of QCMs. Instead of using the approximate plate
equation, we will use the exact three dimensional equations of anisotropic elasticity with
the omission of the small elastic constant c56. We will use a global Fourier series and
hence do not need to break the array into regions with or without films. A single QCM is
treated this way in [99], we expand the result to one-dimensional array of QCMs. We
want to study the free vibration eigenvalue problem so that we can examine the basic
vibration characteristics of a QCM array including resonant frequencies and vibration
modes.

5.2.2 Governing Equations
An example of rotated Y-cut quartz plate with nonperiodic film array is shown in Figure
5.6. The x1 direction is determined from x2 and x3 by the right-hand rule. The plate is
unbounded in the x1 direction and does not vary along x1. Figure 5.6 shows a cross
section. It carries an array of K different films at the top surface. The case of K=5 is
shown. The kth layer is within ak  x3  bk . It has a density  k and thickness 2hk . The
films are assumed to be very thin. Their inertia will be considered but their stiffness will
be neglected [86,87]. For free vibration frequency analysis the small piezoelectric
coupling of quartz is neglected as usual and an elastic analysis is sufficient [45,49].
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2hk

x2

x3

x3=ak

x3=bk

2h
x3=c

Figure 5.6: A nonperiodic array of QCMs.
We consider the case when the displacement of the quartz plate can be
approximated as
u1  u1 ( x2 , x3 , t ), u2  u3  0 ,

(5.18)

where the only nonzero displacement component u1 is dependent on both x2 and x3, which
form a plane normal in x1 direction. The motion described by (5.18) is called shearhorizontal or antiplane motion. For monoclinic crystals, this kind of motion is allowed by
the linear theory of anisotropic elasticity. In acoustic wave devices, the corresponding
modes are called thickness-twist modes in general and include thickness-shear (u1 only
depend on x2) and face-shear (u1 only depend on x3) modes as special cases. From (2.5)
and (2.9) the only two nonzero strain components are:
S5  2S31  u1,3 , S6  2S21  u1,2 .

(5.19)

For Y-cut quartz, the corresponding nonzero stress can be written as
T31  c55u1,3  c56u1,2 , T21  c56u1,3  c66u1,2 ,

(5.20)

Based on (2.1), without body force, the equation of motion is
T21,2  T31,3   u1 .

(5.21)

The governing equation to be satisfied by u1 is obtained by substituting (5.20) into (5.21):
c66u1,22  c55u1,33  2c56u1,23   u1 .

(5.22)
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For the plate in Figure 5.6, the boundary condition at the plate top surface is
2 k hk u1 , x2  h, ak  x3  bk , k  1,2,
T21  
x2  h, elsewhere.
 0,

, K,

(5.23)

In ak  x3  bk , the boundary condition in (5.23) represents Newton’s second law applied
to the film. Similarly, the boundary condition at the plate bottom surface is simply
T21  0 .

(5.24)

The boundary conditions at the left and right edges are
T31  0, x3  0, c, | x2 | h .

(5.25)

Due to the c56 term with mixed derivatives, (5.22) is not separable and thus presents
considerable mathematical challenges. In spite of the importance of the problem, known
theoretical results are limited to propagating waves in unbounded plates. For the
practically more useful case of finite rectangular plates there are little theoretical results.
The fact that the films covers only part of the plate surface and the related piecewise
boundary condition in (5.23) makes the problem even more challenging. Therefore for
quite some time there has been little theoretical progress on this topic. For AT-cut quartz
plates, c55 =68.81, c56 =2.53, and c66 =29.01 109 N/m2 (see Equation 2.50). c56 is very
small compared to c55 and c66. Therefore, we will make the usual approximation of
neglecting the small c56 [100].

5.2.3 Fourier Series Solution
Consider free vibrations of the quartz plate. Let
u1 ( x2 , x3 , t )  u1 ( x2 , x3 )exp(it ) .

We construct the following solution from separation of variables:

(5.26)
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u1  A0 cos(0 x2 )  B0 sin(0 x2 )


  [ Am cos(m x2 )  Bm sin(m x2 )]cos
m 1

(5.27)

m x3
,
c

where A0, B0, Am and Bm are undetermined constants, and
 
2
m

 2
c66

2

c  m 
2
 55 
  2
c66  c  4h

s 


2h

  2 c55  2h 2 
 2 
 m   , m  0,1, 2,3,
 s c66  c  

c66



.

,

(5.28)

(5.29)

(5.27) satisfies the governing equation (5.22) and boundary condition at two edges (5.25)
when the small c56 is neglected. s is the resonant frequency of the fundamental
thickness-shear mode in an unbounded quartz plate when the film array is not present.
Quartz plate devices are usually with large length/thickness ratios, i.e., c>>2h. In this case,
for an m that is not large,  m2 is positive. We are interested in thickness-shear and
thickness-twist modes with no more than a few nodal points along the x3 direction for
which a large m is not needed. In the case when a large m is indeed needed, we can
redefine  m2 with a minus sign and change the sine and cosine functions in (5.27) into
hyperbolic sine and hyperbolic cosine functions. To apply the boundary conditions at the
plate top and bottom, from (5.20)2 and (5.27) we have
T21  c66u1,2  c66 A00 sin(0 x2 )  c66 B00 cos(0 x3 )


 c66  [ Amm sin(m x2 )  Bmm cos(m x2 )]cos
m 1

m x3
.
c

(5.30)

Substitution both of (5.27) and (5.30) back into boundary conditions (5.23) and (5.24)
gives
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c66 A00 sin(0 h)  c66 B00 cos(0 h)


 c66  [ Amm sin(m h)  Bmm cos(m h)]cos
m 1

m x3
c

(5.31)

 2  k hk  2 { A0 cos(0 h)  B0 sin(0 h)


m x3

  [ Am cos(m h)  Bm sin(m h)]cos
},

c
m 1

ak  x3  bk , k  1, 2, , K ,

0, elsewhere,

c66 A00 sin(0 h)  c66 B00 cos(0 h)


 c66  [ Amm sin(m h)  Bmm cos(m h)]cos
m 1

m x3
 0.
c

(5.32)

We multiply both sides of (5.31) by cos(n x3 / c) with n=0, 1, 2, … and integrate the
resulting expression over (0,c) to obtain
cc66 A00 sin(0 h)  cc66 B00 cos(0 h)
 [ A0 cos(0 h)  B0 sin(0 h)]C00

(5.33)



  [ Am cos(m h)  Bm sin(m h)]Cm 0 , n  0,
m 1

c
c66 [ Ann sin(n h)  Bnn cos(n h)]
2
 [ A0 cos(0 h)  B0 sin(0 h)]Cn 0


  [ Am cos(m h)  Bm sin(m h)]Cnm , n  1, 2,3,

(5.34)
,

m 1

where
K

C00   2  k hk  2 (bk  ak )
k 1
K

C0 m   2  k hk  2
k 1
K

c
m

Cnm   2  k hk  2 
k 1

bk

ak

m bk
m ak 

 sin c  sin c   Cm 0 , .


n x3
m x3
cos
cos
dx3  Cmn ,
c
c

(5.35)

m, n  1, 2,3, .

Similarly, from (5.32) we have
c66 A00 sin(0 h)  c66 B00 cos(0 h)  0, n  0 ,

(5.36)
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An n sin( n h)  Bn n cos( n h)  0, n  1,2,3,  .

(5.37)

(5.33), (5.34), (5.36) and (5.37) are linear homogeneous equations for A0, B0, Am and Bm .
For nontrivial solutions the determinant of the coefficient matrix has to vanish, which
determines the resonant frequencies. The nontrivial solutions of A0, B0, Am and Bm
determine the corresponding modes. This is a complicated eigenvalue problem because
the eigenvalue or the resonant frequency is present in every  m . To simplify these
equations a little, we solve (5.36) and (5.37) for A0 and An:
A0   B0 cot(0 h), n  0,

(5.38)

An   Bn cot(n h), n  1, 2,3, .

Substitution of (5.38) into (5.33) and (5.34) results in linear equations for B0 and Bm only.

5.2.4 Numerical Results
We also introduce
s  s (1  R) ,

R  Max{Rk } , Rk 
k

 k hk
.
h

(5.39)

Rk is the mass ratio between the kth film and the plate. s is the resonant frequency of the
fundamental thickness-shear mode in an unbounded quartz plate fully covered by a
uniform-thickness film with the largest mass ratio. The modes with the resonant
frequencies within s    s are determined since we are interested in x3 distribution of
u1 at the top of the plate surface while the quartz plate is mainly doing a fundamental
thickness-shear vibration.
In Figure 5.7 we show the results of an array of two QCMs with the one on the
right a little thicker than the one on the left. The exact dimensions are a1  3.75 mm,
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b1  8.75 mm, a2  11.25 mm, b2  16.25 mm, c  20 mm and h  0.25 mm. To show the

results more clearly we use films thicker than those in normal applications of QCMs.
Twenty-one terms of the series are used in the calculation. The first resonant frequency
calculated from using nineteen and twenty-one terms are 1 =19095208 rad/s and
19095215 rad/s, respectively, which is considered sufficiently accurate. If twenty-four or
more terms are used in the series, the  m2 in Equation (5.28) will become negative. Six
modes are found within s    s . The first mode has vibration under the thicker film
on the right only. This mode has no nodal points (zeros) along the x3 direction. The
thicker film has more inertia and lowers the cutoff frequency  s of the crystal plate more
than the thinner film. Therefore the vibration occurs under the thicker film first. At a
higher frequency the second mode appears which has vibration under the thinner film on
the left only, which does not have a nodal point. The third and fourth modes have
vibration under the thicker and thinner films, respectively. Each mode has one nodal
point. Similarly, the fifth and six modes have two nodal points each. Once a nodal point
appears, the charge on the driving electrodes due to piezoelectric coupling will cancel
with each other at least to some degree. This will reduce the electrical signals and is
undesirable in general.

x2
R2=10%

R1=8%
x3

x3=a1

x3=b1

x3=a2

x3=b2

2h
x3=c
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1  19095215.404 rad/s

3  19525607.661rad/s

5  20191885.574rad/s

 2  19421602.969rad/s

 4  19838207.793rad/s

6  20467290.324rad/s

Figure 5.7: Vibration distribution in an array of two QCMs
with one thicker than the other.
Figure 5.8 shows the result for an array of two QCMs with the one on the right
slightly longer than the one on the left. The geometric parameters are a1  2.5 mm,
b1  7.5 mm, a2  10 mm, b2  17.5 mm, c  20 mm and h  0.25 mm. Again twenty-one

terms of the series are used in the calculation. Seven modes are found within s    s .
Except the sixth mode, the other six modes in Figure 5.8 are similar to the six modes in

94

Figure 5.7. Roughly a longer film has more mass and affects the vibration in a way
similar to a thicker mass layer.

x2
R1=8%
x3

x3=a1

x3=b1

R2=8%
x3=a2

x3=b2

2h
x3=c

1  19351563.170 rad/s

2  19421673.943rad/s

3  19570263.050 rad/s

4  19837416.576rad/s
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5  19923279.761rad/s

6  20379236.357 rad/s

7  20467368.537 rad/s

Figure 5.8: Vibration distribution in an array of two QCMs
with one longer than the other.
In Figure 5.9 we have an array of four QCMs among which two are identical (the
first and the third from the left), one is slightly thicker (the third from the left), and one is
slightly longer (the fourth from the left). They are with a1  3.75 mm, b1  8.75 mm,
a2  13.75 mm, b2  18.75 mm,

a3  23.75 mm, b3  28.75 mm,

a4  33.75 mm,

b4  41.25 mm, c  45 mm and h  0.25 mm. This is a longer plate and forty-nine terms in

the series are used in the calculation to ensure sufficient accuracy. Twelve modes are
found within s    s . It can be seen that the plate can vibrate in complicated manners.
The vibration may be under one or two films, with different number of nodal points.
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R1=8%
x2

x3=a2

x3=a1

x3

R3=8%

R2=10%

x3=b1

x3=a3
x3=b2

R4=8%
x3=a4

x3=b3

x3=b4

2h
x3=c

1  19351589.164 rad/s

 2  19421719.409rad/s

 4  19525691.735rad/s

3  19421750.395rad/s

5  19570311.634rad/s

6  19838191.928rad/s
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7  19838250.678rad/s

8  19923043.968rad/s

9  20192041.718rad/s

11  20462926.812rad/s

10  20384700.811rad/s

12  20463909.513
rad/s

Figure 5.9: Vibration distribution in an array of four QCMs.

5.3 Summary
For a periodic array of QCMs with nonuniform mass films, the solution to the twodimensional plate equation is obtained by solving the Mathieu’s equation with a spatially
varying periodic coefficient whose periodic solution can be obtained by Fourier series.
Numerical results show that there exist both trapped and non-trapped modes. The trapped
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modes decay differently along x1 and x3. Therefore rectangular and elliptical QCMs are
better designs than square and circular ones. The trapped modes decay faster for mass
layers thicker at the center.
For a nonperiodic array of QCMs, the exact three-dimensional equations of
anisotropic elasticity are used to study the effects of one-dimensional film array. For ATcut quartz, the small elastic constant c56 is omitted. Solution is obtained by Fourier series.
Results show the vibration may be mainly trapped in some of the QCMs but not in others.
Specifically, the vibration tends to occur under thicker or longer mass layers first. The
number of nodal points along the x3 direction may also vary.
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Chapter 6

Effects of Fiber Arrays

In this chapter we study the case of using a crystal resonator to carry an array of
microfibers or nanofibers mounted on top of the resonator. By detecting the frequency
shift caused by these mounted fibers, it is possible to characterize the geometric/physical
properties of these tiny fibers. We consider two types of vibration modes of the crystal
resonator: thickness-stretch (TSt) and thickness-shear (TSh). The two cases are
elaborated in detail in the following two sections.
In section 6.1, we analyze thickness-stretch vibrations of a plate of hexagonal
crystal carrying an array of fibers with their bottoms fixed to the top surface of the plate
[101]. The fibers undergo longitudinal vibrations when the crystal plate is in thicknessstretch motion. The plate is modeled by the theory of anisotropic elasticity. The fibers are
modeled by the one-dimensional structural theory for extensional vibration of rods. A
frequency equation is obtained and solved using perturbation method. The effect of the
fiber array on the resonant frequencies of the crystal plate is examined. The results are
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potentially useful for using thickness-stretch modes of hexagonal crystal plates for
measuring the geometric and physical parameters of the fibers.
In section 6.2, we study thickness-shear vibrations of a rotated Y-cut quartz
crystal plate carrying an array of fibers with their bottoms fixed to the top surface of the
plate [102]. The fibers undergo flexural vibrations when the plate is in thickness-shear
motion. The quartz plate is also modeled by the theory of anisotropic elasticity. The
fibers are modeled by the Euler-Bernoulli theory for beam bending. A frequency equation
that determines the resonant frequencies of the structure is derived. An analytical solution
on fiber-induced frequency shift is obtained using a perturbation procedure. It is also
shown that the frequency shift may be used to characterize geometric/physical properties
of the fiber array.

6.1 Thickness-Stretch of Plate and Extension of
Fibers
6.1.1 Introduction
Recently, due to the extensive effort on micro- and nano-technologies, various micro- or
nano-scale fiber arrays can be made using different techniques [103-107]. These new
structures have great potentials for new devices including dynamic tuning of surface
wetting, dry adhesives that mimic gecko foot fibrillars, efficient microneedles in drug
delivery, substrates for sensing cell response and MEMS actuators. There is a strong need
to measure the geometric and physical parameters of these small fiber arrays. This section
describes the possibility to use a thickness-stretch mode crystal resonator and extensional
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vibrations of microfibers to measure the properties of the micro or even nanofibers. In
terms of mechanics, the microfibers may be more suitably called micro-rods when they
are in extensional motion.
To demonstrate this idea, we construct a theoretical model of a plate of hexagonal
crystals carrying an array of micro-rods with their bottoms fixed to the top surface of the
plate (see Figure 6.1). When the crystal plate is in thickness-stretch motion, the rods
undergo extensional vibrations. The axial forces at the bottoms of the rods exert a normal
force on the plate surface and thereby affecting the resonant frequencies of the plate. For
a typical crystal plate, its thickness is of the order of 1 mm. We consider small rods
whose effect on the resonant frequencies of the plate is a small perturbation which will be
determined by a theoretical analysis. We can show that, through the rod array-frequency
effect, information about the rod array can be extracted.

6.1.2 Plate Thickness-Stretch Motion
x3

P

2h

x1

Figure 6.1: A crystal plate carrying a micro-rod array.
The six-fold axis of the hexagonal crystal plate is indicated by an arrow labeled with “P”
in Figure 6.1. As mentioned at the end of Section 2.3, the matrices of the elastic constants
for hexagonal crystals and polarized ceramics (transversely isotropic) are similar, so the
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analysis below is also valid for plates of polarized ceramics. We are considering a
frequency effect which is mechanical in nature. To illustrate the main idea, an elastic
analysis is sufficient. Therefore, for the hexagonal crystal plate, we use the equations of
anisotropic elasticity and neglect piezoelectric coupling which is necessary in an
electrically forced vibration analysis. In free vibration frequency analysis, the
piezoelectric stiffening effect also causes a frequency shift when there are no rods on the
plate, but compared to the rod-induced small frequency perturbation, this piezoelectric
stiffening effect is a higher-order small effect and is ignored in the analysis. Consider the
following displacement field,
u3  u3 ( x3 ) exp(it ), u1  u 2  0 .

(6.1)

Since we are mainly interested in the effects caused by the micro-rods, we assume the
crystal plate vibrates in pure thickness-stretch motion. From (2.3) and (3.5), for
hexagonal crystal, the nontrivial components of the strain and stress tensors are
S 33  u3,3 ,
T11  T22  c13u3,3 , T33  c33u3,3 ,

(6.2)
(6.3)

where the time-harmonic factor has been dropped for convenience. From (2.1) the
relevant equation of motion is
T33,3  c33u3,33   2 u3 .

(6.4)

The general solution to (6.4) and the corresponding expression for the stress component
needed in the relevant boundary and continuity conditions are
u3  B cos ( x3  h) ,

(6.5)

T33  c33B sin  ( x3  h) ,

(6.6)

where B is an undetermined constant, and

103

2 


c33

2 .

(6.7)

We note that the traction-free boundary condition T33  0 at the plate bottom x3  h is
already satisfied by (6.6).

6.1.3 Rod Extension
z

L

x

Figure 6.2: A single rod and coordinate system.
For the rods, we use the one-dimensional theory for longitudinal motions [108,109].
Corresponding to the thickness-stretch vibration of the plate, for steady-state timeharmonic motions, all rods vibrate in phase. For a typical rod (see Figure 6.2), let the
longitudinal displacement be w( z) exp(it ) , and the axial force be P. We have
 ,
P   Aw

(6.8)

P  EAw ,

(6.9)

where E is the Young’s modulus,  is the mass density of the rod, and A is the area of
the rod cross section. A prime indicates a derivative with respect to z. A superimposed
dot is a time derivative. It can be found in a straightforward manner that the solution to

104

(6.8) that satisfies the free end condition at the top of the rods, i.e., P( L)  EAw( L)  0 , is
given by
w  Df ( z, E,  , L, ) ,

(6.10)

where D is an undetermined constant and
f  cos ( z  L),

 


E

.

(6.11)

From (6.9) and (6.10) we calculate the axial force at the rod bottom as
P( z  0)  EADf (0, E,  , L, ) .

(6.12)

6.1.4 Plate-Rod Interaction and Frequency Equation
Let the number density of the rods per unit area of the plate surface be N. The continuity
conditions of the displacement and stress at x3  h are
u 3 ( x3  h)  w( z  0),
T33 ( x3  h)  NP ( z  0).

(6.13)

Strictly speaking, the bottom of a rod exerts a small and essentially concentrated normal
force on the plate surface. This force produces complicated local stress and strain fields.
The resultant of the local stress field is equal and opposite to the axial force in the rod at
its bottom. We are mainly interested in the effect of this resultant on the thickness-stretch
vibration frequency of the plate rather than the details of the local stress field. Therefore,
in (6.13)2, we have assumed that the rods are small and N is sufficiently large. In this case
there are enough rods per unit area of the plate surface. Then an average of the normal
forces on the plate surface can be calculated. Substituting (6.5), (6.6), (6.10) and (6.12)
into (6.13), we obtain
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B cos 2h  Df (0, E,  , L,  ),
 c33B sin 2h  NDEAf (0, E,  , L,  ).

(6.14)

(6.14) is a system of linear homogeneous equations for B and D. For nontrivial solutions
the determinant of the coefficient matrix has to vanish. This yields the following equation
that determines the resonant frequencies:
tan 2h  

NEAf (0, E,  , L,  )
,
c33 f (0, E,  , L,  )

(6.15)

where ξ is related to ω through (6.7).

6.1.5 Frequency-Dependent Equivalent Mass Layer
For comparison, consider a simpler problem in which there is a thin mass layer with
density   and thickness 2 h attached to the top surface of the crystal plate at x3  h . In
this case, according to Newton’s second law, the boundary condition at x3  h is
 T33   2hu3 and the frequency equation can be easily obtained as

tan2h   R2h ,

(6.16)

where R  (2 h) /( 2h) is the mass ratio between the mass layer and the crystal plate.
In our case of a rod array on a crystal plate, the frequency equation (6.15) can be written
in the same form as (6.16), with
R

NEAf (0, E,  , L,  )
NEA sin(L)

.
2
2c33 h f (0, E,  , L,  ) 2c33 2 h cos(L)

(6.17)

(6.17) may be viewed as an effective mass ratio between the rod array and the crystal
plate. Equivalently, R2 h is the effective mass of the rod array over unit area of the
crystal plate surface. Clearly, R depends on EA ,  and L which are the material and

106

geometric parameters of the rods. R also depends on N which is an array property. We
note that R is frequency dependent through  in (6.11) and  in (6.7).
When f (0, E,  , L, ) =0, i.e., the rod bottoms have no displacements, R becomes
infinite. In this case f (0, E,  , L, ) =0 determines a series of resonant frequencies for a
rod with fixed bottoms and free top. We denote the resonant frequencies by  m , with
m=1, 2, 3, …. These frequencies will be needed later. They are given by [109]
n 

(2n  1)
2L

E



,

n  1,2,3... .

(6.18)

For a numerical example we consider a ZnO plate with c33= 210.6 109 N/m2,
ρ=5665 kg/m3, and h=0.5 mm. For the rods we also consider ZnO with  =5665 kg/m3,
E=40 GPa [110], diameter D=0.1 μm, L=10 μm, and N= 1 108 /cm2. In this case
 1  0.41739757 109 rad/s and  2  1.25219270  109 rad/s. We plot the frequency

dependence of R in Figure 6.3 where R is normalized by R0  NAL /(2h) which is the
static mass ratio between the rod array and the crystal plate. Figure 6.3 shows that R is
strongly frequency dependent. At the low frequency limit R / R0 approaches one which is
the static mass ratio. R may be smaller or larger than one, and may even become negative.
This is as expected for frequency dependent masses as also seen in the study of particleQCR interactions [111] and metacomposites [112] of materials with internal structures
and/or internal degrees of freedom. In the problem we are analyzing the frequency
dependence of the effective mass layer is due to the extensibility of the rods. Near the rod
resonant frequencies  n (only the first two are shown in the frequency range in Figure
6.3), R becomes large and is in fact unbounded because there is no damping in the
idealized elastic structure we are analyzing.
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Figure 6.3: Normalized effective mass ratio versus frequency.

6.1.6 Approximate Frequency Solution
To exhibit the relation between the resonant frequencies and the rod array
parameters more explicitly, we look for a perturbation solution of (6.15) in the case of
small R when the rods represent small effects on the crystal plate. For the zero-order
solution, we simply neglect the rods and set the right-hand side of (6.15) to zero. This
results in two sets of resonant frequencies:
sin  n(0) h  0,  n( 0) h  n / 2, n  2,4,6,,  n( 0) 

n
2h

c33

cos n( 0) h  0,  n( 0) h  n / 2, n  1,3,5,,  n(0) 

n
2h

c33

,





,

(6.19)

(6.20)

where the superscript “(0)” indicates that they are the zero-order approximation in the
perturbation procedure. Through (6.5), it can be identified that (6.19) and (6.20) represent
modes antisymmetric and symmetric about x3  0 , respectively. From a device point of
view we are only interested in the symmetric modes in (6.20) which can be conveniently
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excited by an electric field in the plate thickness direction. Therefore, in the following,
we focus on the symmetric modes. For the first-order perturbation, we write [113]
nh 

n
  n , n  1,3,5,,
2

(6.21)

where  n is a small perturbation. Substituting (6.21) into (6.15), for small  n and small
R, we obtain
n 

NEAf (0, E ,  , L,  n( 0) )
n ( 0)
,
Rn 
2
2c33 n( 0) f (0, E ,  , L,  n( 0) )

(6.22)

where
 n(0)   n( 0)


c33



n
.
2h

(6.23)

(6.22) implies the following frequency shift through (6.21) and (6.7):
 n   n(0)
NEA n( 0) sin( n( 0) L)
2
( 0)
 n 

 n   Rn  
,
n
 n(0)
2c33 ( n(0) ) 2 h cos( n( 0) L)

(6.24)

where
 n(0)   n(0)


E

.

(6.25)

We note that the right-hand side of (6.24) does not depend on the unknown frequency  n
now and instead it is a function of  n( 0) , which is known. In the above derivation, since R
has been assumed small, the special case when a particular plate resonant frequency  n( 0)
is close to a particular beam resonant frequency  m has to be excluded. In such a case
f (0, E,  , L, n(0) ) approaches zero and Rn( 0) becomes large.

The frequency shift in (6.24) is a function of the parameters of the rod array. This
provides the theoretical foundation for determining the parameters of the array through
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frequency measurements. The procedure is as follows:  n( 0) are known theoretically.  n
are measured from experiments. Then  n are known, and (6.24) becomes a system of
equations of the parameters of the rod array when several frequencies are used. These
equations are relatively complicated transcendental equations. It does not seem to be easy
to measure all of the parameters of the array at the same time. A relatively simple
situation is when some of the parameters of the array are already known and only one or
two parameters are left to be determined. Then it may be convenient to solve (6.24).

6.1.7 Special Cases
In the special case when the resonant frequencies of the rods are much higher than the
fundamental thickness-stretch frequency of the ZnO plate, the rods follow the surface of
the plate in the so-called quasi-static manner. In this special case we show that our
general result in the above analysis reduces to an expression similar to the well-known
Sauerbrey equation for a quartz plate carrying a mass film in thickness-shear vibration.
From (6.5) we write the plate surface displacement as B cos 2 n(0) h and the plate surface
acceleration as  (n(0) ) 2 B cos 2 n(0) h . In quasi-static motions, the rod acceleration is taken
to be the same as the plate surface acceleration, i.e.,
w 



  w 
w



u3  w 



( n( 0) ) 2 B cos 2 n( 0) h  0,

E
E
E
w(0)  B cos 2 n( 0) h, w( L)  0.

(6.26)

(6.26) determines
w   B cos(2 n(0) h)[

or


2E

(n(0) ) 2 ( z 2  2 Lz )  1] ,

(6.27)

110

f 


2E

(n( 0) ) 2 ( z 2  2 Lz )  1 .

(6.28)

Substituting (6.28) into (6.22), we obtain
n 

n  n(0)
NAL

  R0 ,
( 0)
2 h
n

(6.29)

where R0 is the static mass ratio between the rods and the plate.
In Figure 6.4 we plot the frequency shifts predicted by (6.24) and (6.29) for the
fundamental thickness-stretch mode with n=1 by solid and dotted lines, respectively.
Equation (6.29) (dotted line) predicts a simple linear relation, ideal for sensor application.
This is true for relatively short rods whose first resonance is much higher than the
fundamental thickness-stretch frequency of the plate, i.e.,  1  1(0) . As the rods become
longer, when L  2.179 104 m and the first resonant frequency of the rod approaches
the fundamental thickness-stretch frequency of the plate, i.e.,  1  1(0) , (6.29) is no
longer valid and (6.24) predicts a jump discontinuity. Since we did not include damping,
the discontinuity is singular which does not matter for the application we are considering.
Near the jump, (6.24) is not valid either but after the jump (6.24) is valid and (6.29) is not.
Therefore (6.24) is more general than (6.29). When the rod length is further increased,
when L  6.537 104 m and the second resonant frequency of the rod coincides with the
fundamental plate thickness-stretch frequency, i.e.,  2  1(0) , the second discontinuity
appears.
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Figure 6.4: Frequency shift versus rod length.
Solid line: from Eq. (6.24). Dotted line: from Eq. (6.29).
Another special case is when the rods are very long (L=  ). In this case the
boundary condition at L=  is that the disturbance propagating along the rods due to the
vibration of the crystal plate is outgoing for large z (radiation), i.e.,
w  C exp(iz) ,

(6.30)

w(0)  B cos 2h .

(6.31)

which is subject to

Equations (6.30) and (6.31) determine
w  B cos(2h) exp(iz) ,

(6.32)

f  exp(i z) .

(6.33)

or

Substitution of (6.33) into (6.22) and then into (6.24) gives
 n 

 n   n( 0) iNA E

.
n c33
 n( 0)

(6.34)
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(6.34) is imaginary, representing a damped motion of the crystal plate due to the radiation
of energy (radiation damping).

6.2 Thickness-Shear of Plate and Flexure of Fibers
6.2.1 Introduction
In this section, we put the fiber array on top surface of a rotated Y-cut quartz crystal
resonator vibrating in a thickness-shear mode to investigate the possibility of
characterizing the geometric/physical properties of these fibers from their frequency
effect on the quartz crystal resonator. A theoretical model of a quartz plate carrying an
array of microfibers with their bottoms fixed to the top surface of the plate (see Figure
6.5) is constructed.
When the crystal plate is in thickness-shear motion, the fibers undergo flexural
vibrations. In terms of mechanics, these microfibers may be more suitably called microbeams when they are in flexural motion. The shear forces at the bottoms of the beams
exert a drag on the plate surface and thereby affecting the resonant frequencies of the
plate. For a typical quartz crystal resonator, the plate thickness is of the order of 1 mm.
We consider small beams whose effect on the resonant frequencies of the plate is a small
perturbation which can be determined by a theoretical analysis. It is shown that
information about the beam array can be extracted through its frequency effects.
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Figure 6.5: A crystal plate with a micro-beam array.

6.2.2 Plate Thickness-Shear Motion
Since the small piezoelectric coupling of quartz can be neglected, we use the equations of
anisotropic elasticity for the quartz plate. Consider the following displacement field that
describes the thickness-shear motion [113] of interest:
u1  u1 ( x2 ) exp(it ), u 2  u3  0 .

(6.35)

Since we are mainly interested in the effects caused by the micro-beams, it is convenient
for us to assume the crystal plate is in pure thickness-shear motion. The nontrivial
components of the strain and stress tensors are
2S12  u1,2 ,

T31  c56u1,2 , T21  c66u1,2 ,

(6.36)
(6.37)

where the time-harmonic factor has been dropped for simplicity. The relevant equation of
motion is
T21,2  c66u1,22  2 u1 .

(6.38)

The general solution to Equation (6.38) and the corresponding expression for the stress
component needed in the relevant boundary and continuity conditions are
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u1  B cos ( x2  h) ,

(6.39)

T21  c66B sin  ( x2  h) ,

(6.40)

where B is an undetermined constant, and
2 


c66

2 .

(6.41)

We note that the traction-free boundary condition T21  0 at x2  h is already satisfied
by Equation (6.40).

6.2.3 Beam Flexure

Figure 6.6: Notation and coordinate system for beam bending.
For the flexural motion of the beams, we use the Euler-Bernoulli theory of bending
[108,109]. Corresponding to the thickness-shear vibration of the plate, for time-harmonic
motions, all beams vibrate in phase. Following the notation in Reference [108] (see
Figure 6.6), for a typical beam in its own coordinate system, let the deflection curve be
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v(x ) , the rotation or slope be θ, the bending moment be M, and the shear force be V. We

have [108,109]
EIv   Av  0 ,

  v, M  EIv, V  EIv ,

(6.42)
(6.43)

where E is the Young’s modulus,  is the mass density, and I and A are the moment of
inertia and the area of the beam cross section. A prime indicates a derivative with respect
to x. For time-harmonic motions with a frequency ω, it can be found in a straightforward
manner that the solution to Equation (6.42) that satisfies M (L) =0, V (L) =0, and  (0) =0
is
v  Cf ( x, EI , A, L, ) ,

(6.44)

where C is an undetermined constant and
f  cos ( x  L)  cosh ( x  L)   [sin  ( x  L)  sinh  ( x  L)],
  A 2 

  
 EI 

1/ 4

,  

sinh L  sin L
.
coshL  cosL

(6.45)

From Equations (6.43) and (6.44) we calculate the shear force at the beam bottom as
V (0)  CEIf (0, EI , A, L, ) .

(6.46)

which will be needed in the continuity condition next.

6.2.4 Plate-Beam Interaction and Frequency Equation
Let the number density of the beams per unit area of the crystal surface be N. The
continuity conditions of the displacement and shear stress at x2  h between the top
surface of the plate and the bottoms of the beams are
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u1 ( x2  h )  v( x  0),
T21( x2  h )  NV ( x  0).

(6.47)

Substituting Equations (6.39), (6.40), (6.44) and (6.46) into Equation (6.47), we obtain
B cos 2h  Cf (0, EI , A, L,  ),
 c66B sin 2h  NCEIf (0, EI ,  A, L,  ).

(6.48)

Equation (6.48) is a system of linear homogeneous equations for B and C. For nontrivial
solutions the determinant of the coefficient matrix has to vanish. This yields the
following frequency equation that determines the resonant frequencies of the plate
carrying the beams:
tan2h 

NEIf (0, EI ,  A, L,  )
,
c66 f (0, EI ,  A, L,  )

(6.49)

where ξ is related to ω through Equation (6.41), and
f (0, EI ,  A, L,  )
 cos(L)  cosh(L)   [sin(L)  sinh(L)],
f (0, EI ,  A, L,  )

(6.50)

  3 sin(L)   3 sinh(L)   3 [ cos(L)  cosh(L)].

Therefore Equation (6.49) is an equation for ω.

6.2.5 Frequency-Dependent Effective Mass Layer
We can write the right-hand side of (6.49) in the same form as the frequency equation for
a uniform mass layer on a quartz crystal resonator [44]
tan 2h   R2h ,

(6.51)

where R is the mass ratio between the mass layer and the quartz crystal resonator. In our
case of a beam array,
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R

NEIf (0, EI ,  A, L,  )
(2h)c 66 f (0, EI ,  A, L,  )

NEI 3  sin(L)  sinh(L)   [ cos(L)  cosh(L)]
 2
,
2 hc66 cos(L)  cosh(L)   [sin(L)  sinh(L)]

(6.52)

which may be called the effective mass ratio between the beam array and the crystal plate
or, equivalently, R2h is the effective mass of the beam array over unit area of the
surface of the crystal plate. Clearly, R depends on EI ,  A and L which are the material
and geometric parameters of the beams. R also depends on N which is an array property.
R is frequency dependent through  in Equation (6.45) and  in Equation (6.41).
We note that when f (0, EI , A, L,) =0, i.e., the beam bottoms have no
displacements, R becomes infinite. f (0, EI , A, L,) =0 determines a series of resonant
frequencies for a beam with rigidly fixed bottom and free top. We denote these resonant
frequencies by  m with m=1, 2, 3, ….
For a numerical example we consider an AT-cut quartz plate with
c 66 = 29.01 109 N/m 2 ,  = 2649kg/m 3 , h  0.5mm . For the beams we consider ZnO with

  5600kg / m3 , E  40 GPa [110], diameter D  0.1 μm, L=1 μm, and N  1 108 /cm2.

For the cantilever beams  m are given in [109]:
 m   m2

EI
D
  m2
A
4

E



, m=1, 2, 3,…,

(6.53)

where, for the first two resonances, we have
1 

1.875
,
L

2 

4.694
,
L

 1  0.234924  109 ,  2  1.472241 109 rad/s .

(6.54)
(6.55)
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Figure 6.7: Normalized effective mass ratio versus frequency.
We plot the frequency dependence of R in Figure 6.7 where R is normalized by
R0  NAL /(2h) which is the static mass ratio between the beams and the crystal plate.

Figure 6.7 shows that R is strongly frequency dependent. At the low frequency limit
R / R0 approaches one which is the static mass ratio. R can be smaller or larger than one,

and can even become negative. This is as expected for frequency dependent effective
masses as often seen in the study of the so-called metacomposites [112] of materials with
internal structures and/or internal degrees of freedom. In the problem we are analyzing
the frequency dependence of the effective mass layer is due to the flexibility of the beams.
Near the beam resonant frequencies  m (only the first two are shown in the frequency
range in Figure 6.7), R is unbounded because there is no damping in the idealized elastic
structure we are analyzing.
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6.2.6 Approximate Frequency Solution
To exhibit the relation between the resonant frequencies and the beam array parameters
more explicitly, we look for a perturbation solution of Equation (6.51) in the case of
small R when the beams represent small effects on the quartz plate. For the zero-order
solution, we simply neglect the beams and set the right-hand side of Equation (6.51) to
zero. This results in two sets of resonant frequencies [113]:
sin  n( 0) h  0,  n( 0) h  n / 2, n  2,4,6, , n( 0) 

n
2h

c66

,

(6.56)

cos n( 0) h  0,  n( 0) h  n / 2, n  1,3,5, , n( 0) 

n
2h

c66

,

(6.57)





where the superscript (0) indicates that they are the zero-order approximation in the
perturbation procedure. Through Equation (6.39), it can be identified that Equations (6.56)
and (6.57) represent modes symmetric and antisymmetric about x2  0 , respectively.
From a device point of view, we are only interested in the antisymmetric modes in
Equation (6.57) which can be conveniently excited by an electric field in the plate
thickness direction. Therefore, in the following, we focus on the antisymmetric modes.
For the first-order perturbation, we write [77]
n h 

n
  n , n  1,3,5,,
2

(6.58)

where  n is a small perturbation. Substituting Equation (6.58) into Equation (6.51), for
small  n and small R, we obtain
n 



( 0)
n

NEIf (0, EI ,  A, L,  n( 0) )
n ( 0)
n
Rn  
,
2
2 2( n( 0) ) 2 hc66 f (0, EI ,  A, L,  n( 0) )




c66



( 0)
n

n

.
2h

(6.59)
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Equation (6.59) implies the following relative frequency shift through Equations (6.58)
and (6.41):
 n 


 n   n( 0)
2

 n   Rn( 0)
( 0)
n
n

NEI ( n( 0) ) 3  sin( n( 0) L)  sinh( n( 0) L)   n( 0) [ cos( n( 0) L)  cosh( n( 0) L)]
2( n( 0) ) 2 hc66

cos( n( 0) L)  cosh( n( 0) L)   n( 0) [sin( n( 0) L)  sinh( n( 0) L)]

  A( n( 0) ) 2 


EI



 n(0)  

1/ 4

,  n(0) 

sinh  n( 0) L  sin  n( 0) L
cosh  n( 0) L  cos n( 0) L

.

(6.60)
,

(6.61)

We note that, different from Equation (6.51), the right-hand-side of Equation (6.60) does
not depend on the unknown frequency  n now and instead it is a function of n( 0) which
is known. In the above derivation, since R has been assumed to be small, the special case
when a particular plate resonant frequency n( 0) is close to a particular beam resonant
frequency  m has to be excluded. In such a case f (0, EI , A, L, ( 0) ) approaches zero and
Rn( 0) becomes large.

The frequency shift in Equation (6.60) is a function of the parameters of the beam
array. This provides the theoretical foundation for determining the parameters of the
beam array through frequency measurements. The procedure is as follows: n( 0) are
known theoretically.  n will be measured by experiments. Then n are known and
then Equation (6.60) becomes a system of equations of the beam array parameters when
several frequencies are used. These equations are relatively complicated transcendental
equations. It does not seem to be easy to measure all of the parameters of the array at the
same time. A relatively simpler situation is that some of the parameters of the array are
already known and only one or two parameters are left to be determined. Then it may be
convenient to solve Equation (6.60).
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6.2.7 Special Cases
In the special case when the beams are so small that their resonant frequencies are much
higher than the fundamental thickness-shear frequency of the plate, the beams follow the
motion of the surface of the crystal plate quasi-statically. In this case an approximation of
Equation (6.51) can be obtained as follows. From Equation (6.39) we write the zero-order
unperturbed plate surface displacement as B cos2 n( 0) h and the corresponding plate
surface acceleration as  (n( 0) ) 2 B cos2 n( 0) h . By quasi-static motions we mean that the
beam acceleration is approximately equal to the plate surface acceleration:
EIv    Av  EIv    A(n( 0) ) 2 B cos 2 n( 0) h  0,
v(0)   B cos 2 n( 0) h,  (0)  0, M ( L)  0, V ( L)  0.

(6.62)

Equation (6.62) determines
1 A ( 0) 2
(n ) B cos2 n( 0) h[ L4  ( x  L) 4  4 xL3 ]
24 EI
 B cos2 n( 0) h,

(6.63)

1 A ( 0) 2 4
(n ) [ L  ( x  L) 4  4 xL3 ]  1 .
24 EI

(6.64)

v

or
f 

Substitutions of Equation (6.63) into Equations (6.49) and (6.59) lead to
tan 2 n(0) h   R0 2 n(0) h ,

 n 

 n   n( 0)
NAL

  R0 ,
( 0)
n
2 h

(6.65)
(6.66)

respectively. R0 is the static mass ratio between the beams and the plate. Equation (6.66)
is the well-known Sauerbrey equation for mass-induced frequency shift in a quartz crystal
resonator [7]. In the quasi-static case the beam inertia lowers the plate resonant
frequencies but the beam elasticity has disappeared.
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Figure 6.8: Frequency shift versus beam length.
Solid line: from Equation (6.60). Dotted line: from Equation (6.66).
In Figure 6.8 we plot the frequency shifts predicted by Equations (6.60) and (6.66)
for the fundamental thickness-shear mode with n=1 by solid and dotted lines, respectively.
For the plate we are considering, 1( 0) = 1.040 107 rad/s . Equation (6.66) predicts a simple
linear relation (dotted line), ideal for sensor application. This is true for relatively short
beams whose first resonance is higher than the fundamental thickness-shear frequency of
the plate, i.e.,  1  1(0) . As the beam becomes longer, when L  4.752 106 m and the
first resonant frequency of the beam approaches the fundamental thickness-shear
frequency of the plate, i.e.,  1  1(0) , Equation (6.66) is no longer valid. The result from
Equation (6.60) deviates from that of Equation (6.66) and predicts a jump discontinuity.
When the beam length is further increased, when L  1.190 105 m and the second
resonant frequency of the beam coincides with the fundamental plate thickness-shear
frequency, i.e.,  2  1(0) , the second discontinuity appears.
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Another special case is when the beams are very long (L=  ). In this case the
boundary conditions at L are dropped. Instead we require the vibration of the beam to be
decaying or outgoing for large x (radiation), i.e.,
v  C1e x  C2 e ix ,

(6.67)

v(0)   B cos2h,  (0)  0 .

(6.68)

which is subject to

Equations (6.67) and (6.68) determine
v

1 i
B cos 2h[ie x  e ix ] ,
2

(6.69)

or
f  ie x  e ix .

(6.70)

Substitution of (6.70) into (6.59) gives
   ( 0)
1
 n  n ( 0) n 
n
 n(0)

 EI 


 A 

1/ 4

N A
(i  1) .
2 h

(6.71)

Equation (6.71) is complex. Its real part is the frequency shift which is negative as
expected. Its imaginary part describes a damped motion due to the radiation of energy.

6.3 Summary
In Section 6.1, a frequency equation is derived for free thickness-stretch vibrations of a
plate of hexagonal crystals loaded with an array of micro-rods in extensional motion. An
approximate expression for frequency shifts in the crystal plate due to the rods is obtained
when the rods represent small effects on the vibrations of the crystal plate. Based on the
frequency equation, a frequency-dependent effective mass ratio is introduced with which
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the array is equivalent to a homogeneous mass layer. The effective mass ratio may be
positive and negative along with the frequency change. It becomes singular when the
resonant frequencies of the rods alone coincide with the resonant frequencies of the plate
alone. This work provides the theoretical foundation for using frequency shifts of the
crystal plate to characterize the physical and geometric parameters of the rod array.
In Section 6.2, the problem is solved in a similar manner. At first a frequency
equation is derived for free thickness-shear vibrations of a rotated Y-cut quartz plate
loaded with an array of micro-beams in flexural motion. Then an approximate expression
for frequency shifts in the quartz plate due to the beams is obtained when the beams
represent small effects on the vibrations of the plate. Based on the frequency equation, a
frequency-dependent effective mass ratio is introduced with which the beam array is
equivalent to a homogeneous mass layer. The effective mass ratio also can be positive
and negative along with the frequency. It is theoretically proved that it is possible to use
frequency shifts of the plate to measure the physical/geometric parameters of the beam
array. The structure analyzed may also be considered as an ultrasonic brush for cleaning a
surface.
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Chapter 7

Effects of Particles

In this chapter, we study thickness-shear (TSh) vibration of a rotated Y-cut quartz crystal
resonator carrying finite-size circular particles that have a rotational degree of freedom
and rotatory inertia [114]. The particles are elastically attached to the quartz crystal
resonator and are allowed to roll without sliding on its surface. An analytical solution on
particle-induced frequency shifts in the quartz crystal resonator is obtained using
equations of anisotropic elasticity. Examinations of the frequency shifts show that while
it can be used to characterize geometric/physical properties of the particles, the frequency
shifts can have relatively complicated behaviors that cause deviations from the Sauerbrey
equation in mass sensing. A frequency-dependent effective particle mass is introduced to
classify and characterize different aspects of the particle induced frequency shifts.
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7.1 Introduction
Quartz crystal microbalance (QCM) is the most commonly known application of quartz
crystal resonator as a sensor for different measurands it contacts by design. Besides, a
new method is proposed to use quartz crystal resonator to characterize the
geometric/physical properties of micro- or nano-fibers in Chapter 6. In fact, researchers
have been constantly exploring the use of quartz crystal resonators for new sensor
applications. Basically, a plate quartz crystal resonator in thickness-shear motion
provides a platform for probing materials and structures in general.
A quartz crystal resonator is sometimes loaded with small particles. This often
appears as an undesirable effect due to contamination. But it can be also used for
measuring particle properties. Particles can be sparse due to contamination or in the
initial deposition stage in a mass sensor. They can also be dense and eventually form a
thin film on the quartz crystal resonator. While these particles are usually small compared
with the thickness of a quartz plate, they are not always so. Quartz crystal resonators are
made thinner and thinner now. In biosensing, cells and other biological particles are often
loaded on a quartz crystal resonator. The thickness of the quartz plate may not be several
times larger than the cell diameter. When the particle size is not infinitesimal compared
to the plate thickness, the rotational degree of freedom and the rotatory inertia of the
particles may have effects that cannot be neglected. As a specific example of rigid
spherical particles, polystyrene microspheres can be purchased from Polysciences,
Inc. The diameters of these microspheres range from a few μms to tens of μms. They may
or may not be small compared to the thickness of a quartz crystal resonator, which is
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typically a few hundred micrometers. This chapter attempts to study the frequency effects
of particles through a theoretical analysis.
While the mass and shear stiffness effects of a relatively thick film on a quartz
crystal resonator have been studied [115]. There are just a few reported theoretical results
discussing the effects of discrete particles on a quartz crystal resonator [111,116,117]. In
these papers, only greatly simplified two-particle models were used, one represents the
resonator and the other a particle on it. In addition, the particles are assumed only have
translational motion, without particle rotational degree of freedom and rotatory inertia.
Therefore a new model is needed in order to reveal the rotational effects of the particles.
In this chapter we consider finite, circular particles with rotational degree of freedom and
rotatory inertia. As usual, we first analyze the crystal plate and the particles separately,
and then apply boundary conditions which will lead to the frequency equation. The
frequency equation is solved approximately by a perturbation procedure, leading to the
frequency shifts produced by the particles.

7.2 Crystal Plate
Consider the crystal plate (see Figure 7.1) has the following displacement field. Since we
are mainly interested in the effects caused by the particles, it is convenient for us to
assume the crystal plate is doing a pure thickness-shear motion.
u1  u1 ( x2 ) exp(it ), u 2  u3  0 .

(7.1)
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Figure 7.1: A finite particle on a crystal resonator:
notation and free-body diagram.
Similar to (6.35)-(6.38) in Section 6.2.2, the nontrivial components of the strain and
stress tensors are
2S12  u1, 2 ,

(7.2)

T31  c56u1,2 , T21  c66u1,2 ,

(7.3)

where the time-harmonic factor has been dropped for simplicity. The relevant equation of
motion is
T21,2  c66u1,22  2 u1 .

(7.4)

The general solution to (7.4) and the corresponding expression for the stress component
needed in the relevant boundary conditions are
u1  A1 cosx2  A2 sin x2 ,
T21  c66 ( A1 sin x2  A2 cosx2 ) ,

(7.5)
(7.6)

where A1 and A2 are undetermined constants, and
2 


c66

2.

(7.7)
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7.3 Particle
The particles are represented by rigid and circular cylinders or spheres with the same
radius r and mass m (see Figure 7.1). The moment of inertia about the center of mass is I.
For spheres I  2mr 2 / 5 and for cylinders I  mr 2 / 2 . The linear displacement and
velocity of the center are U and V  U , respectively. The angular displacement and
angular velocity are θ and  . We consider the case when the particles are rolling without
slipping on the plate. This can at least partially account for the complication in biological
mass sensors in which the additional mass on the quartz crystal resonator may not be
perfectly or rigidly attached to its surface [88,118]. In addition to the frictional force F
between the particles and plate surface, the particles can also interact with the plate
surface elastically with an effective force f [111,116,117] and an effective moment M.
The particles are assumed to be sparse, without interactions among themselves.
According to the notation and free-body diagram in Figure 7.1, the equation of motion in
the x1 direction and the moment equation about the mass center for the particles are
 F  f  mV ,
M  ( F  f )r  I .

(7.8)
(7.9)

The particle-plate interaction force f and moment M are described by linear and angular
springs with
f  k (U  u) ,

(7.10)

M   ,

(7.11)
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where u  u1 (h) is the upper surface displacement of the crystal plate. The non-slip
condition of the particles for rolling without slipping with respect to the moving plate
surface is given by
U  u  r ( ) ,

(7.12)

or, upon differentiation with respect to time,
V  u  r () .

(7.13)

f  kr .

(7.14)

From (7.10) and (7.12), we have

Substituting (7.13) into (7.8), using u   2 u and    2 for time-harmonic motions,
we obtain
 F  f  m 2 u  m 2 r .

(7.15)

Similarly, substitution of (7.11) into (7.9) and using    2 gives
   ( F  f )r   I 2 .

(7.16)

Eliminating  from (7.14-7.16), we obtain
F

  kr 2  I 2
kr 2

f ,

 F  f  me u 2 ,

(7.17)
(7.18)

where
me ( ) 

m
m 2 r 2
1
I 2  

(7.19)

is the effective mass of the particles. The reason for defining the effective mass this way
will become clearer in (7.28).
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7.4 Boundary Conditions and Frequency Equation
The lower surface of the plate is traction free. At the upper surface of the plate, let the
particle number density be N. Then the shear stress at the plate upper surface is
completely determined by the interaction forces between the particles and the plate
surface. Therefore the boundary conditions at the top and bottom surfaces of the plate are
T21 (h)  N ( F  f ) ,

(7.20)

T21 (h)  0 .

(7.21)

With the use of (7.6) and (7.18), we can write (7.20) and (7.21) as two linear and
homogeneous equations for A1 and A2 :
c66 ( A1 sin h  A2 cosh)  Nme ( A1 cosh  A2 sin h) 2 ,
A1 sin h  A2 cosh  0.

(7.22)

For nontrivial solutions, the determinant of the coefficient matrix of (7.22) has to vanish,
which gives the following frequency equation that determines the resonant frequency  :
tan 2h  

Nm e 2
.
c66

(7.23)

In the special case when the particles are perfectly fixed to the plate surface without
relative motion or rolling, the frequency equation can be reduced from (7.23) by setting
me=m.

7.5 Approximate Frequency Solution
Next, we look for a perturbation solution of (7.23) in the case of sparse and light particles
representing small effects on the quartz crystal resonator. In this case Nme is very small.
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For the lowest-order (zero-order) solution, we simply neglect the particles and set the
right-hand side of (7.23) to zero. This results in two sets of resonant frequencies:
sin  n(0) h  0,  n( 0) h  n / 2, n  2,4,6,,  n( 0) 

n
2h

c66

cos n(0) h  0,  n( 0) h  n / 2, n  1,3,5,,  n( 0) 

n
2h

c66





,

(7.24)

,

(7.25)

where the superscript (0) indicates the zero-order solution. It can be identified that (7.24)
and (7.25) represent modes symmetric and antisymmetric about x2  0 , respectively.
From a device point of view we are only interested in the antisymmetric modes in (7.25)
which can be conveniently excited by an electric field in the plate thickness direction.
Therefore, in the following, we focus on the antisymmetric modes only. For the firstorder perturbation, we write
nh 

n
  n , n  1,3,5,,
2

(7.26)

where  n is small. Substituting (7.26) into (7.23), for small  n and small Nme , we
obtain
n 

Nme( 0)  (n(0) ) 2
,
2c66 n( 0)

(7.27)

where me( 0)  me (n(0) ) . (7.27) implies the following frequency shift through (7.26) and
(7.7):
 n 

 n   n(0)
me( 0) Nm
me( 0)
2







R,
n
n
m 2h
m
 n(0)

(7.28)

where
R

Nm
2h

(7.29)
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is the mass ratio between the particles and the crystal plate. We note that the right-handside of (7.28) does not depend on the unknown frequency  n now. (7.28) shows that the
frequency shift is a function of the geometric and physical parameters of the crystal plate
and the particles. Therefore the frequency shift can be used to measure these parameters
in a combination.

7.6 Discussion and Numerical Results
The difference between me and m is due to the finite size, the rotational degree of
freedom, and the rotatory inertia of the particles. The following observations can be made
from (7.19):
(i) When r=0, from (7.19) we have me  m . In this case the rotational effects of the
particles disappear and (7.28) reduces to the classical result of n   R (the wellknown Sauerbrey equation in a different form).
(ii) When
I 2    0 ,

(7.30)

from (7.19) we have me  0 . In this case, from (7.18), we have F  f  0 . The net
interaction force between the particles and the plate surface is zero. The acceleration of
the mass center of the particle is zero. The plate does not feel the particles. (7.30) defines
a frequency as


Then (7.19) can be written as


I

.

(7.31)
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me 

m
.
m 2 r 2
1
I ( 2   2 )

(7.32)

(iii) When    , the denominator of (7.32) is larger than one. We have 0  me  m .
In this case the particles appear lighter.
(iv) When    , there are two possibilities depending on whether the denominator
of the right-hand side of (7.32) is positive or negative. Consider the case when it is
positive first. The condition that the denominator of the right-hand side of (7.32) is
positive, is equivalent to
  I 2  m 2 r 2 .

(7.33)

When the left- and right-hand sides of (7.33) are equal, it defines another frequency ̂ by
ˆ 


I  mr 2

 .

(7.34)

Physically, ̂ is the frequency of the particle when it is rolling without sliding on a fixed
surface with elastic constraints described by k and  . With (7.34), we can write (7.33) as

  ˆ which automatically implies that    . In this case the denominator of (7.32) is
smaller than one and is positive. We have me  m . The particles appear heavier.
(v) When ˆ     , the denominator of (7.32) becomes negative and me  0 . In
this case the particles appear to be with a negative mass and raises the plate resonant
frequencies. This anomaly was also observed and explained in [116] using a two-particle
model and in [118] using imperfectly bonded mass layers.
We summarize some of the behaviors of me below.
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Table 7.1: Effective mass.

  ˆ

  ˆ

ˆ    

 

 

me  m

Jump

me  0

me  0

0  me  m

We also plot me / m versus Ω in Figure 7.2 by rearranging (7.32),
me

m

1
2

mr  2
1
I 2 1

,

(7.35)

where the normalized frequency
   / .

(7.36)

Figure 7.2: Effective mass versus frequency ( mr 2 / I  2 ).
The behavior shown in Figure 7.2 is complicated. The familiar situation of me / m  1
happens only when   1 . In this case the rotational effects of the particles can be
neglected, the plate will feel only the mass of the particles, and then the Sauerbrey
equation applies.
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In addition, Figure 7.2 shows that me / m can be larger or smaller than one, and
even be negative. As a result, according to (7.28) the frequency shifts induced by these
particles may be larger, smaller, or even with the opposite sign when compared to the
prediction by the Sauerbrey equation.

7.7 Summary
When circular particles with a rotational degree of freedom and rotatory inertia are
allowed to roll without sliding on the surface of a quartz crystal resonator, it feels the
particles through their effective mass me. The effective mass may be the same as, larger
than, or smaller than the true particle mass m, or may even be negative along with the
change of frequency.
As a consequence, the frequency shifts induced by these particles may be the
same, lager, smaller, or even with the opposite sign when compared to the classical
prediction based on the Sauerbrey equation. The rotational effects of the particles may be
used to explain certain deviations from the classical prediction when the particles are not
very small or when they are not rigidly attached to the plate surface. These effects are
qualitatively consistent with the behaviors of the so called metamaterials with internal
degrees of freedom [112]. The results are obtained from a simple theoretical model. We
hope to see experimental results for comparison from researchers with experimental
capabilities.
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Chapter 8

Thin Film Piezoelectric Actuators

An elastic plate with thin piezoelectric films bonded on its two major surfaces is a typical
smart structure used in actuation. The useful deformation of this smart structure is caused
by the shear stress transferring from the films (also referred to as actuators) to the elastic
plate. This interfacial shear stress is induced by extension or contraction of the
piezoelectric film under electric voltage applied on its two major surfaces.
In this chapter, we study the effects of the material property variation of thin film
piezoelectric actuators on the actuation shear stress. A system of two-dimensional
equations for the flexure and shear of an elastic plate with symmetric piezoelectric
actuators on the plate surfaces is derived [119]. The equations are reduced to the case of
elementary flexure without shear as a special case. It is shown that the distribution of the
actuation stress depends on the thickness and material property variations of the
actuators, and that actuators with varying material properties can be used to make modal
actuators for producing a particular deformation or exciting a particular vibration mode.
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The effects of material property variation on the actuation stress are examined through an
example.

Figure 8.1: Shear stress under a piezoelectric actuator.
It is shown that the interfacial shear stress concentrates at the two ends of the
actuator [120-123] (See Figure 8.1). In fact, the concentration of shear stress always
exists for a film on a substrate when the film expands or contracts due to different effects
[124,125]. It is theoretically proved that ending the electrodes a short distance from the
edge of actuator reduces the stress concentration. It is also shown analytically that
actuators with nonuniform thickness may also reduce the concentration of shear stress
[126]. However, the above results are based on simple models. It is very difficult to get
an analytical solution when a more complicated model is employed. Finite element
analyses of a piezoelectric actuator on a substrate were reported in [127-130].

8.1 Introduction
In general, the shear stress between the piezoelectric films and the elastic plate is
concentrated near the edges of the piezoelectric films. In order to produce a particular
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deformation of the elastic plate, a specific distribution of the actuation stress is needed. In
the case of dynamic problems, to excite a particular vibration mode, the specific actuator
required is called a modal actuator [131].
There are several known ways of modulating the actuation stress (see Figure 8.2).
One is to use several piezoelectric actuators of different sizes and shapes at proper
locations (segmentation, see Figure 8.2(a)) [132,133]. Another way is to use proper
electrode configurations (see Figure 8.2(b)) [120,121,123,134,135], which includes the so
called inter-digital transducers (IDTs) [136,137]. These two techniques have been widely
used and relatively thoroughly studied. There are two other ways of modulating the
actuation stress which have not received much attention. One way is to use piezoelectric
films of nonuniform thickness [126,138] (see Figure 8.2(c)). Another way is to use
piezoelectric films with nonuniform material properties (see Figure 8.2 (d)) [132,139141].

Figure 8.2: Schemes for modulating actuation stress. (a) Segmentation. (b) Multiple
electrodes. (c) Varying thickness. (d) Nonuniform poling.
Recently, the rapid development of material manufacturing technologies allows
the production of piezoelectric materials with nonhomogeneous material properties for
actuator applications [142-149]. However, mechanics analyses on nonhomogeneous
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actuators [140,141] are all based on simple one-dimensional models to qualitatively
demonstrate the basic ideas. Therefore these models are inadequate for general analysis
of plate structures with nonhomogeneous actuators.
In this chapter we systematically derive general two-dimensional equations for
elastic plates with nonhomogeneous piezoelectric actuators with varying material
properties in the manner of [44,120,150-152] by joining separate equations of the
piezoelectric actuators and the elastic plate through their interface continuity conditions.
The equations obtained are used to examine the effects of the actuator material property
variation on the actuation stress through a few examples.

8.2 Equations for Piezoelectric Actuators
Consider the elastic plate with two thin-film piezoelectric actuators, as shown in Figure
8.3. We are interested in the plate bending produced by the actuators. The two actuators
at the plate top and bottom are identical, with the same ceramics poled in the x3 direction.
However, at this point, for clarity we denote their thicknesses by 2h' and 2h" differently
which will be made the same later. 2h' and 2h" may be slowly varying and are much
smaller than the plate thickness 2h. The actuators may be fully or partially electroded.
When the two actuators are under opposite voltages, one extends and the other contracts
or vice versa, thereby producing bending of the elastic plate.
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Figure 8.3: Piezoelectric actuators on an elastic plate and coordinate system.
We summarize the equations for the extensional motion [120] of the upper
piezoelectric film below. The displacement u i and electrostatic potential ′ are
approximated by
ua  ua(0) ( xb , t ),
u3  u3(0) ( xb , t ) ,

(8.1)

   x3  ( xb , t ) ,
(1)

where a, b =1, 2 and t is time. xi are parallel to xi, but the origin of the xi system is at the
middle plane of the piezoelectric film. u a( 0) is the extensional displacement. We note that
in general the approximation of ′ in (8.1) may have a ′

(0)

term [153] which is

independent of x3 . Since ′ (0) does not contribute to the main actuating electric field E3,
it is not included in (8.1) [120,150,151]. The equations of motion of the film take the
form [120,150]
 (,0a)  Fb ( 0)   2hub ( 0) ,
Tab
F3 ( 0)   2hu3 ( 0) ,

(8.2)

where   is the actuator mass density. The thin film extensional and in-plane resultants
and surface loads are denoted by
Tab(0) 

h

 T  dx ,
ab

 h

3

Fj(0)  [T3j ]hh .

(8.3)
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In (8.2)2 it has been assumed that the piezoelectric film is very thin and does not resist
bending. Therefore the surface normal load is responsible for the motion of the film in the
x3 direction. In an electroded region the electric potential ′

(1)

is no more than a function

of time and is related to the applied voltage. For unelectroded region the following
equation of electrostatics is needed to determine ′ (1) [120,150,151]
Da(,1a)  D3(0)  D (1)  0,

(8.4)

where
h

Da ( n ) 

 x D dx ,
n
3

a

3

D (1)  [ x3 D3 ]hh .

(8.5)

 h

Constitutive equations for (8.2) and (8.4) are [120,150,151]
Tr ( 0)  2h( rs S s ( 0)   3 r   (1) ),
   (1) ),
D3 ( 0)  2h( 3 s S s ( 0)   33
Da (1)  

(8.6)

2h  2
 ,b(1) ,
 ab
3

where r, s = 1, 2, 6 under the compact matrix notation [77] and
 ( 0) 
S ab

1 ( 0)
(u a ,b  ub (,a0) ).
2

(8.7)

For ceramics poled in the x3 direction [120,150,151], we have
c11 p

[ rs ]  c12 p
0


0
[ ks ]   0
e31
p

c12 p
c11 p
0

0
0
p
e31

p
E
E 2
E ,
0  c11  c11  (c13 ) / c33

E ,
0  , c12 p  c12E  (c13E )2 / c33
 p  c p  cE ,
c66
66
66

(8.8)

0
  e33
 c13E / c33
E ,
e p  e31
0  , 31
k  1, 2,3,
0

(8.9)
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11 p

[ kj ]   0
 0


0
11 p
0

0 
p
S
2
E ,
    11  e15 / c44
0  , 11p
2 / c33
E ,
 33   33S  e33
 33 p 

(8.10)

which may be functions of xb for nonhomogeneous actuators. Substitution of (8.7)-(8.10)
in (8.6) yields
 p u1,(10)  c12
 p u 2 (, 02)  e31
 p  (1) ],
T11 ( 0)  2h[c11
 ( 0)  2h[c12
 p u1,(10)  c11
 p u 2 (, 02)  e31
 p  (1) ],
T22

(8.11)

 p [u1,(20)  u 2 (,10) ],
T12 ( 0)  2hc66
 p ua(0)
 p (1) ],
D3(0)  2h[e31
, a   33 
Da(1)  

2h3 p (1)
11 ,a .
3

(8.12)

Substitution of (8.11) into (8.2)1 yields the equations for the displacement u a( 0) :
 p u1,1
(0)  c12
 p u2,2
(0)  e31
 p (1) )],1  [2hc66
 p (u1,2
(0)  u2,1
(0) )],2  F1(0)   2hu1(0) ,
[2h(c11
 p (u1,2
(0)  u2,1
(0) )],1  [2h(c12 p u1,1
(0)  c11 p u2,2
(0)  e31
 p (1) )],2  F2(0)   2hu2(0 ) .
[2hc66

(8.13)

With substitution of (8.12) into (8.4), we obtain the following equation for  (1) in the
unelectroded region:
 2h3 p (1) 
 p ua(0)
  p (1)  0 ,

11 ,a   2he31
, a  2h  33 
 3
, a

(8.14)

 p of polarized
where we have taken D(1)  0 because the plate dielectric constant  33

ceramic is usually much larger than the dielectric constants of air and the material of the
elastic plate.
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8.3 Equations for Elastic Plates
The elastic plate shown in Figure 8.3 has flexure deformation coupled with shear. The
equations of motion for the elastic can be written as [42]
Ta(30,)a  F3( 0)  2  hu3( 0) ,
Tba(1,)b  T3(a0)  Fa(1) 

2 3 (1)
 h ua ,
3

(8.15)

where
h

Tab( n ) 

xT

n
3 ab

dx3 , n  0,1,

h

F3(0)  T33 (h)  T33 (h) ,

(8.16)

Fb(1)  h[T3b (h)  T3b (h)] .

We note that in [42] the equations corresponding to (8.15) have a modified mass density
which is necessary for the correct behavior of high-frequency thickness-shear waves. We
are interested in low-frequency flexural waves only, for this case the mass correction
factor (see Section 2.2.2) is very close to one. Therefore we can simply set it to one here.
The constitutive relations for an orthotropic elastic plate can be written as
T13( 0)  2hc55 (u3( 0,1)  u1(1) ),
T23( 0)  2hc44 (u3( 0, 2)  u 2(1) ),
2 3
h ( 11u1(,11)   12u 2(1, )2 ),
3
2
 h 3 ( 21u1(,11)   22u 2(1, )2 ),
3
2
 h 3 66 (u1(,12)  u 2(1,1) ),
3

(8.17)

T11(1) 
T22(1)
T12(1)

where

(8.18)
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 11  c11  c132 / c33 ,  22  c22  c232 / c33 ,
 12  c12  c13c32 / c33   21 , c44  c44 ,
c55  c55 ,  66  c66 .

(8.19)

The displacement field in the elastic plate is approximately given by
ua  x3ua(1) , u3  u3( 0) .

(8.20)

8.4 Equations for Elastic Plates with Piezoelectric
Actuators
In this section we combine the equations for thin piezoelectric actuators and the equations
for elastic plates in 8.2 and 8.3 into a set of equations for the whole structure. From
(8.3)2, the surface loads of upper actuator, we obtain the load on the top actuator as:
Fb(0)  T3b (h), F3(0)  T33 (h) .

(8.21)

From the displacement fields in (8.1) and (8.20) the continuity of the displacement
between the top actuator and the elastic plate can be written as
ua(0)  hua(1) , u3(0)  u3(0) .

(8.22)

Similarly, for the bottom actuator we have
Fb(0)  T3b (h), F3(0)  T33 (h) ,
ua(0)  hua(1) , u3(0)  u3(0) .

(8.23)
(8.24)

From (8.21) and (8.23), the equations of motion for the top and bottom actuators (8.2)
can be written as
(,0a)  T3b (h)   2hub( 0) ,
Tab
 T33 (h)   2hu3( 0) ,

(8.25)
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(,0a)  T3b (h)   2hub( 0) ,
Tab
T33 (h)   2hu3( 0) .

(8.26)

From the surface loads of the elastic plate in (8.16)2,3 and (8.25-8.26) we have
F3(0)    2hu3(0)   2hu3(0) ,

(,0a)   2hub(0)  Tab
(,0a)   2hub(0) ].
Fb(1)  h[Tab

(8.27)
(8.28)

Substitution of (8.27) and (8.28) into the equations of motion of the plate in (8.15) yields
Ta(30,)a   2hu3(0)   2hu3( 0)   2hu3( 0) ,
( 0)  hTba
( 0) ) ,b  T3(a0) 
(Tba(1)  hTba

2 3 (1)
h ua  h[  2hua(0)   2hua(0) ].
3

(8.29)

With the continuity conditions in (8.22) and (8.24), we can write (8.29) as
Ta(30,)a  mˆ u3( 0) ,
T ba(1,)b  T3(a0)  Iˆua(1) ,

(8.30)

where we have denoted
 ( 0)  hTba
 ( 0) ,
T ba(1)  Tba(1)  hTba
mˆ   2h   2h   2h,

(8.31)

2
Iˆ  h 3   2hh 2   2hh 2 .
3

T ab(1) has the physical meaning of total plate moments consisting of contributions from the

bending of the elastic plate and the extension of the actuators. m is the mass per unite
area of the plate with the actuators. I is the rotatory inertia. We assume that the applied
voltages on the top and bottom actuators are of equal magnitude and opposite signs and
denote
 (1)   (1)   (1) .

(8.32)
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We also assume that the top and bottom actuators are identical with the same
material and the same thickness variation. Then, for constitutive relations, from (8.11),
(8.18), (8.22) and (8.24) we obtain
 p (1) ,
T 11(1)  ˆ11u1(,11)  ˆ12u 2(1, )2  4hhe31
 p (1) ,
T 22(1)  ˆ12u1(,11)  ˆ22u 2(1, )2  4hhe31

(8.33)

T 12(1)  T 21(1)  ˆ66 (u1(,12)  u 2(1,1) ),

where
2
2
3
3
2 3
2
 p , ˆ66  h 3 66  4h h 2 c66
p.
 h  22  4h h 2 c11
3
3

 p , ˆ12  h 3 12  4h h 2 c12
p,
ˆ11  h 3 11  4h h 2 c11

ˆ 22

(8.34)

Expressions for Ta(30) in terms of u3( 0) and ua(1) are given by (8.17). Substitution of (8.17)
and (8.33) into (8.30) gives the displacement equations for the flexural motion with
shears of the whole plate
(0)
(1)
(0)
(1)
ˆ 3(0) ,
2hc55 (u3,11
 u1,1
)  2hc44 (u3,22
 u2,2
)  mu
(1)
(1)
(1)
(1)
(0)
ˆ (1) ,
 p (1) ],1  [ˆ66 (u1,2
[ˆ11u1,1
 ˆ12u2,2
 4hhe31
 u2,1
)],2  2hc55 (u3,1
 u1(1) )  Iu
1

(8.35)

(1)
(1)
(1)
(1)
(0)
ˆ (1) .
 p (1) ],2  2hc44 (u3,2
[ˆ66 (u1,2
 u2,1
)],1  [ˆ12u1,1
 ˆ22 u2,2
 4hhe31
 u2(1) )  Iu
2

In the unelectroded portions of the actuators where  (1) is unknown, the
electrostatic equation in (8.14) is needed which now takes the following form with
(8.22)1:
 2h  3 p (1) 
 ,a   2h e31
 p hua(1,)a  2h  33
 p (1)  0 .
 
 11

3

 ,a

(8.36)

At the boundary of a finite plate with a unit normal vector na and a unit tangent
vector sb , we need to prescribe [120,150,151]:
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n a T ab(1) nb or u a(1) na ,

n a T ab(1) sb or u a(1) s a ,

(8.37)

Ta(30) or u 3( 0) .

For electric boundary conditions we need to prescribe [120,150,151]:
na Da(1)

or

 (1) .

(8.38)

8.5 Reduction to Elementary Flexure without
Shear Deformation and Rotatory Inertia
If the elastic plate is very thin, the effects of rotatory inertia and shear deformations in
(8.35) may be neglected by setting as below (see Section 3.3 for detail):
Iˆ  0,
ua(1)  u3,(0)a  0  ua(1)  u3,(0)a .

(8.39)

Under this simplication, (8.33) and (8.35)-(8.37) are reduced to,
)
 p (1) ,
T 11(1)  ˆ11u3( 0,11)  ˆ12u3( 0, 22
 4hhe31
)
 p (1) ,
T 22(1)  ˆ12u3( 0,11)  ˆ22u3( 0, 22
 4hhe31

(8.40)

T 12(1)  2ˆ66u3( 0,12) ,
(0)
(0)
(0)
T ab(1),ab  ˆ11u3,1111
 2(ˆ12  2ˆ66 )u3,1122
 ˆ22 u3,2222
(0)
(0)
(0)
 (ˆ11,11  ˆ21,22 )u3,11
 (ˆ12,11  ˆ22,22 )u3,22
 4ˆ66,12 u3,12

ˆ
[4hhe  ],11  [4hhe  ],22  mu
p
31

(1)

p
31

(1)

(0)
3

,

 2h  3 p (1) 
)
 ,a   2h e31
 p hu3( 0,aa
 p (1)  0 ,
 
 11
 2h  33

 3
 ,a
n a T ab(1) nb or
Ta(30)

u 3( 0)
,
n

T (1)
 as or u 3( 0) ,
s

(8.41)

(8.42)

(8.43)
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where
Ta(30)  T ba(1,)b , T as(1)  naT ab(1) sb .

(8.44)

In the special case when the elastic plate is isotropic, the material constants satisfy
ˆ11  ˆ22 , 2ˆ66  ˆ11  ˆ12 .

(8.45)

8.6 Numerical Results and Discussion
To illustrate the main idea of material property variation in a relatively simple manner,
we consider the special case when the piezoelectric constant e31 p is a function of x1 and x2
but all other geometric and physical parameters are true constants. In this case the
derivatives of ˆab and ˆ66 vanish. The governing equation (8.41) reduces to
(0)
(0)
(0)
 p (1) ],11  [4hhe31
 p (1) ],22 ,
ˆ11 (u3,1111
 2u3,1122
 u3,2222
)  [4hhe31

(8.46)

where we have assumed that the elastic plate is isotropic and dropped the inertial term for
static problems. For a specific example, consider a fully electroded rectangular plate
within 0  x1  a and 0  x2  b under a time-independent applied voltage V  2h (1) . The
plate is simply-supported with the following boundary conditions:
u3(0)  0,
T

(1)
11

x1  0, a,

(0)
 p (1)  0,
 ˆ11u3,11
 4hhe31

u3(0)  0,

x1  0, a,

x2  0, b,

(0)
 p (1)  0,
T 22(1)  ˆ11u3,22
 4hhe31

x2  0, b.

(8.47)

(8.48)

The solution to this problem can be obtained by trigonometric series. Let
u3( 0) 





m ,n 1

Amn sin

m x1
n x2
sin
.
a
b

where Amn are to be determined. Formally Amn are given by

(8.49)
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Amn  

a



0

b

4 a

ab 0

a
m x1
n x2
sin
dx1dx2 
0
a
b
m x1
n x2
u3(0) sin
sin
dx1dx2 .
a
b

u3(0) sin

0



b

0



b

0

sin 2

m x1 2 n x2
sin
dx1dx2
a
b

(8.50)

To determine the remaining integral in (8.50) we multiply both sides of (8.46) by
sin(m x1 / a)sin(n x2 / b) and integrate the resulting equation over 0  x1  a and
0  x2  b . With integration by parts and the use of (8.47) and (8.48), we obtain
b

a

u
0 0

(0)
3

sin

mx1
nx2
sin
dx1dx2
a
b

b a
mx1
nx2

 p,11  e31
 p, 22 ) sin
 4hh (1)
(e31
sin
dx1dx2
0 0
a
b

b
nx 2
m
 p ( x1  a) cos m  e31
 p ( x1  0)]sin

4hh (1) [e31
dx2
0
a
b
a
mx1
n

 p ( x 2  b) cos n  e31
 p ( x 2  0)]sin

4hh (1) [e31
dx1 ]
0
b
a






(8.51)



n
m 2 n 2 
 m 4
)  ( ) 4  2(
) ( ) .
b
a
b 
 a

ˆ11 (

We are interested in modal actuators. Therefore we consider the case when
a
b
 p ( x1 , x 2 )  e cos k1 ( x1  ) cos k 2 ( x 2  ) ,
e31
2
2

(8.52)

where e is a constant. As a numerical example, suppose the actuators are made of PZT5H poled in x3 direction, and the elastic plate is made of aluminum alloy 6061-T6. e is
calculated from the homogeneous material constants of PZT-5H according to the formula
 p in (8.9). For geometric parameters consider a=b=10 cm, 2h=1 cm, and 2h'=1 mm.
for e31

The two inner electrodes of the actuators in contact with the elastic plate are grounded.
The two outer electrodes at the top and bottom are under a voltage of 1 V.
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(a)

(b)
Figure 8.4: Actuation stress T31 under a homogeneous actuator. k1=k2=0. x2=0.05 m.
(a) 100 terms in the series. (b) 200 terms in the series.
For completeness and comparison we first review the case of homogeneous
actuators with k1=k2=0 m-1 in (8.52). Figure 8.4 shows the distribution of the actuation
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stress T31(x1) along x2=5 cm. The result for T32 is similar. Figure 8.4 (a) is with one
hundred terms in the series. Figure 8.4(b) is with two hundred terms in the series.
Qualitatively the two figures are similar, with little stress in the middle and concentrated
forces at the edges [120,121,123,135]. When using more terms in the series, the
concentrated edge forces keep increasing. This is as expected because it is difficult for a
trigonometric series to converge to a discontinuity or singularity. The oscillations in the
figure are also typical for a trigonometric series near a discontinuity or singularity. This
situation will disappear in the modal actuators to be discussed in the following. In the rest
of the calculation we will keep two hundred terms in the series.

(a)
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(b)
Figure 8.5: Actuation stress T31 under a homogeneous actuator.
(a) k1=k2=12.310 m-1. (b) k1=k2=19.106 m-1.
Figure 8.5 is for nonhomogeneous actuators. In Figure 8.5(a) k1=k2=12.310 m-1.
 p is reduced by one third (e/3) near the edges when compared to its value at
In this case e31

the center. Correspondingly the concentrated forces at the edges become smaller as
 p is reduced
compared to Figure 8.4(b). In Figure 8.5(b) k1=k2=19.106 m-1. In this case e31

by two thirds (2e/3) near the edges and the concentrated forces at the edges become even
smaller when compared to Figure 8.5(a).

154

(a)

(b)

Figure 8.6: (a) Material property variation. (b) Actuation stress T31.
p
In Figure 8.6 we consider three specially designed actuators for which e31
 p along x2=5 cm. Figure
vanishes at the edges. Figure 8.6(a) shows the variation of e31

8.6(b) shows the corresponding actuation stresses. For these actuators, there are no
concentrated forces at the actuator edges. The trigonometric series converges well
without oscillations. The actuation stress may have different wavelengths for actuating
different deformed shapes as modal actuators.

(a)

(b)

Figure 8.7: (a) Actuation stress T31. (b) Deformed plate. k1=k2=31.416 m-1.
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(a)

(b)

Figure 8.8: (a) Actuation stress T31. (b) Deformed plate. k1=k2=94.248 m-1.

(a)

(b)

Figure 8.9: (a) Actuation stress T31. (b) Deformed plate. k1=k2=157.080 m-1.
For the same three actuators as in Figure 8.6, for a different view of the results,
we plot in Figures 8.7, 8.8 and 8.9 two-dimensional distributions of the actuation stress
T31 and the corresponding deformed shapes of the plate. Clearly, nonhomogeneous
actuators can produce various distributions of the actuation stress and deform the plate
into different shapes for different needs.
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8.7 Summary
The two-dimensional equations are derived for analyzing flexural and shear motions of
elastic plates with nonhomogeneous piezoelectric actuators. These equations generalize
some previous equations [120,150,151] for analyzing smart structures. The equations and
numerical examples show that the actuation stress depends on the actuator thickness
variation and material property variation. Therefore nonhomogeneous actuators can be
used to modulate the distribution of the actuation stress or make modal actuators for
deforming the elastic plate into a specific shape or exciting a particular vibration mode.
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Chapter 9

Conclusions and Future Work

9.1 Conclusions
In this section, the conclusions corresponding to the six objectives of this dissertation are
summarized.

9.1.1 Crystal Plates with Multiphysical Films
Based on the two-dimensional equations for crystal plates, a set of two-dimensional
equations for coupled extension, flexure and thickness-shear motions of anisotropic
crystal plates with surface films which are sensitive to electrical, magnetic and intrinsic
stress fields, are generalized.
Through the numerical calculation, it is shown that a crystal plate with a
piezoelectric/piezomagnetic film may be used as a sensor for electric/magnetic fields.
When the film/plate thickness ratio is 1/10 and the electric field is of the order of 100
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V/mm, the relative frequency shift is of the order of a few ppm. When the magnetic field
is of the order of 100 A/mm, the relative frequency shift is of the order of 10-5. These
frequency shifts are detectable in crystal resonators.
The equations derived are also useful in the analysis of the effects of electrode
stress in crystal resonators. By measuring the curvature of the crystal plate, the intrinsic
stress in the electrodes can be estimated.

9.1.2 Effects of Nonuniform Films
The general nonuniform thickness of the surface film on a crystal resonator is
approximately modeled by stacking a series of stepped thickness films. The more number
of stepped films used, the more accurate the modes and resonant frequencies become. In
particular, if the thickness of the film can be described by a function of two in-plane
coordinates, the modes and resonant frequencies of the resonator are obtained by solving
a special partial differential equation.
The conclusions are similar regardless if a nonuniform film is modeled by stepped
thickness films or gradually varying two-dimensional function. Thicker films tend to trap
more modes under the film. The trapped modes also tend to move toward the center when
the film becomes thicker. In the region where the film is gradually getting thinner, the
vibration reduces significantly from oscillatory to decaying.
The resonant frequencies of quartz plate are slightly lower when the surface film
becomes thicker in the center. These effects cause considerable complications in mass
sensing. Moreover, if a trapped mode with a nodal point is under the driving electrodes,
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the change of sign of the shear deformation across the nodal point causes charge
cancellation on the electrodes and affects the impedance of the device.

9.1.3 Effects of Film Arrays
For a periodic array of nonuniform films on a quartz crystal resonator, the solution of the
two-dimensional plate equation is obtained by Fourier series. Numerical results show that
there exist both trapped and non-trapped modes. The trapped modes decay differently
along x1 and x3. For QCM array, rectangular and elliptical QCMs are better designs than
square and circular ones. The trapped modes decay faster when the films are thicker at
the center.
For a nonperiodic array of films, the exact three-dimensional equations of
anisotropic elasticity are used to study the effects of one-dimensional film array. For ATcut quartz, the small elastic constant c56 is omitted. A solution is obtained from the
Fourier series. Numerical results show that the vibration may be mainly trapped under
some of the films but not under others. Specifically, the vibration tends to occur under
thicker or longer mass layers first. The number of nodal points along the x3 direction may
also vary.

9.1.4 Effects of Fiber Arrays
In order to expand the possible measurands of QCM, we study the effects of surface
fibers on the crystal resonators. Two cases are considered: one case is the thicknessstretch vibrations of a plate of hexagonal crystals loaded with an array of micro-rods in
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extensional motion; another case is the thickness-shear vibrations of an AT-cut quartz
plate loaded with an array of miro-beams in flexural motion.
Two cases are treated in a similar manner: at first the equation of resonant
frequency for each case is derived. Based on the frequency equation, an approximate
expression for the frequency shifts in the crystal plate due to the fibers is obtained when
the fibers represent small effects on the vibrations of the crystal plate. Meanwhile, an
effective mass ratio between the fiber array and crystal plate is introduced. The effective
mass ratio can be positive or negative against the frequency.
This study provides a theoretical foundation for using frequency shifts of the
crystal plate to characterize the physical and geometric parameters of the fiber array.

9.1.5 Effects of Particles
As another attempt to broaden the application of QCM, we study the effects of circular
particles on the crystal resonator. The circular particles with a rotational degree of
freedom and rotatory inertia are allowed to roll without sliding on the surface of the
crystal plate. Similar to the treatment of fiber arrays, an approximate expression for
frequency shifts in the crystal plate due to the particles is obtained from a frequency
equation when the particles represent small effects on the vibrations of the crystal plate.
The effective mass of the particle is introduced. It is shown that the effective
particle mass may be the same as, larger than, or smaller than the true particle mass m, or
may even be negative along with the frequency change. As a consequence, the frequency
shifts induced by these particles may be the same, larger, smaller, or even with the
opposite sign when compared to the classical prediction based on the Sauerbrey equation.

161

The results may be used to explain certain deviations from the Sauerbrey equation when
the particles are not very small or when they are not rigidly attached to the plate surface.
As a preliminary work, this study is limited to some basic effects of an array of
dilute particles. Experimental results are needed to support this theoretical work and also
shed some light on areas that need improvements.

9.1.6 Piezoelectric Actuators
The last chapter is about the effects of nonhomogeneous piezoelectric films on an elastic
plate. The result is useful for piezoelectric actuator design.
A set of two-dimensional equations for analyzing flexural and shear motions of
elastic plates with nonhomogeneous piezoelectric actuators are derived. The equations
show that the actuation stress depends on the actuator thickness variation and material
property variation. Examples show that actuators made of functional grading material can
be used to modulate the distribution of the actuation stress or make modal actuators to
deform the elastic plate into a specific shape or excite a particular vibration mode.

9.2 Future Work
In this section, the possible future work related to this dissertation is suggested.

9.2.1 Frequency shift compensation by surface films
In Chapter 3, the effects of multiphysical films are studied. Each physical property is
assessed for sensor application. When two or more effects are affecting the resonant
frequencies simultaneously, they may cancel each other and result in free frequency
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shifts. This phenomenon, called compensation, is very useful to improve the frequency
stability of crystal resonator.
A surface actuator can be used to maintain the stability of a crystal resonator in
accelerated motion [66]. A composite layer of different material coated on crystal
resonator can be used to compensate the frequency shift due to temperature [62]. The
results in Chapter 3 can be expanded to study the possibility of using electric/magnetic
sensitive surface films to compensate the influence of biasing fields on the crystal
resonator or other acoustic wave devices.

9.2.2 Thermal Effects of surface films
In this dissertation, the temperature effects of a surface film on the crystal resonator are
not included. It is possible that if the thermal behaviors of the film and crystal plate are
very different, the frequency shift of the crystal resonator due to temperature change may
be eliminated. In fact, the vibration of the crystal resonator can be considered as a small
motion superposed on a biasing field caused by temperature. However, the elastic
constants as well as the thermal coefficient of the quartz are all dependent upon the
temperature, and this dependence is nonlinear. It makes the theoretical analysis about the
thermal effect on the frequency shift of the crystal resonator very complicated.
The higher-order frequency-temperature relation of a crystal resonator alone was
studied thoroughly in [154-156]. However, the temperature influence on the surface films
as well as the resonator was rarely studied [61], not to mention the higher-order
temperature dependence. Therefore this can be a very interesting research topic for future
work.
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9.2.3 Finite Element Analysis
Although a series of theoretical results on acoustic wave sensors are obtained in this
dissertation, it should be pointed out that for typical design processes of real devices, the
numerical simulation using the finite element method is always a necessary design step
especially when a complicated or irregular geometry is involved. Theoretical methods
and numerical methods have their own advantages and disadvantages. Device problems
are complicated. A comprehensive analysis with combined use of experimental,
theoretical and numerical methods is usually needed for design optimization.
In Chapter 5, for the periodic array of surface films, the profile of each film is
described by the combination of cosine functions, which is still rough. For the
nonperiodic array of surface films, each individual film considered is of uniform
thickness and the array is one-dimensional. In order to have a more accurate model of the
surface film array, the finite element method should be used here to fully investigate the
complicated modes of QCM array on a monolithic quartz crystal resonator.
In Chapter 8, the finite element method can be employed to study the behavior of
an actuator made of functional graded material (FGM). This can be approximately done
by dividing the actuator into composite areas with different material constants. These
material constants are uniform in each area, but overall have a variation through the
length of the actuator. This model can roughly represent the functional graded material.
In order to have a more accurate FGM model, the finite element method needs to be
improved so that the FGM can be integrated into the conventional finite element model.
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9.2.4 Experiments
This dissertation is mainly concerned with theoretical analysis. Experimental verification
is a necessary step for future work. Experiment results are not only used to confirm the
theoretical work, but also used to discover new phenomenon which cannot be predicted
by the current model, and to show where the model should be improved.
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